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The standard family

Let f be a 1-periodic real analytic function with zero mean value.
The standard family is discrete dynamical system defined by

Tε : (x , y) 7→ (x1, y1),

{
x1 = x + y + εf (x)

y1 = y + εf (x)
(1)

in the phase space T×R, where T = R/Z and ε is a real parameter
(when f (x) = cos(2πx), Tε is the so-called standard map). For ε
close to 0, this is an exact symplectic map that we can view as a
perturbation of the integrable twist map (x , y) 7→ (x + y , y).
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The standard map

picture generated from
http://www.dynamical-systems.org/twist/Applet.html
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Invariant rotational curves for the standard family

For ω ∈ R−Q, we call invariant graph of frequency ω for Tε the
graph G =

{(
x , ϕ(x)

)}
⊂ T× R of a continuous map ϕ : T→ R

such that Tε leaves G invariant and the restriction of Tε to G is
conjugate to the translation x 7→ x + ω by a homeomorphism of R
of the form id + u, where u is a 1-periodic function.
There is a natural way of viewing an invariant graph of frequency ω
as a parametrized curve G = γ(T): one looks for a continuous
function u : T→ R such that the curve γ is parametrized as

γ(θ) =
(
θ + u(θ), ω + v(θ)

)
where v(θ) = u(θ)− u(θ − ω) and u is a solution of

u(θ + ω)− 2u(θ) + u(θ − ω) = εf
(
θ + u(θ)

)
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KAM theory for the standard family

I If it exists, the invariant graph of irrational frequency ω is
unique thanks to the positive twist map condition verified
by Tε. The corresponding parametrization γ is unique up to a
shift in the variable θ.

I Normalize u so that it has zero mean value: finding u is
equivalent to finding an invariant graph of frequency ω.

I Moser theorem for twist maps guarantees the existence of an
invariant graph of frequency ω for every Diophantine ω
provided |ε| is small enough. The corresponding curve γω is
analytic in the angle θ and depends analytically on ε.

I We want to investigate the regularity of the map ω 7→ γω,
which for the moment is defined on the set of real
Diophantine numbers. More specifically, we are interested in
the quasianalytic properties of this map; this will lead us to
extend it to certain complex values of the frequency ω.
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(Perhaps) The oldest problem in KAM theory

I In 1954, in his Amsterdam ICM conference, the same where
he stated his theorem, Kolmogorov asked whether the
regularity of the solutions of small divisor problems with
respect to the frequency could be investigated using
appropriate analytical tools, suggesting a connection with the
theory of “monogenic functions” in the sense of Émile Borel

I Borel’s uniform monogenic functions (1917) are a
generalization of analytic functions to closed sets (including
Swiss cheeses with empty interior). They are built using
Cauchy’s integral theory rather than series expansions (which
typically will diverge) and they may or may not be
quasianalytic spaces.
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Komlogorov 1954 ICM talk
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Komlogorov 1954 ICM talk
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A timeline

I Arnold (1961) complexifies the rotation number and
investigates the monogenic regularity of the conjugacy of
circle maps to an irrational rotation, but he cannot prove it
because of a technical difficulty (at each step of the KAM
iteration the domain shrinks by a finite amount)

I Herman (1985) proves the local conjugacy theorem for circle
maps using the Schwarzian derivative trick and Schauder’s
fixed point theorem. He complexifies the rotation number ω
and proves the C1-holomorphic regularity (monogenic
regularity) of the conjugacy w.r.t. to ω.

I The results of Pöschel on Whitney regularity are also related
to the problem. Whitney smoothness implies the existence of
a smooth extension, which is highly non-unique.
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Arnold 1961 circle diffeomorphisms article

Stefano Marmi There is only one KAM curve



Arnold 1961: complex frequencies
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Arnold 1961: monogenic regularity of the solution of the
linearized equation
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Arnold 1961: the region of monotonicity contracts at each
iteration

Arnold cannot conclude because at each step of the KAM proof his
control of complex frequencies deteriorates by a finite amount.
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Herman’s Schwarzian derivative trick I

The Schwarzian derivative of a C 3 orientation preserving
diffeomorphism f is

Sf := D2LogDf − 1

2
(DLogDf )2 .

The Schwarzian derivative vanishes on linear fractional
transformations x 7→ ax+b

cx+d , ad − bc = ±1.

The composition rule for Schwarzian derivatives is

S(f ◦ g) = Sf ◦ g (Dg)2 + Sg .

Let f be a circle diffeomorphisms of rotation number ω. Let Rω be
the corresponding rotation of the circle. Assume that ω is
diophantine.
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Herman’s Schwarzian derivative trick II

Taking Schwarzian derivatives, the conjugacy equation

f ◦ h = h ◦ Rω

becomes
(Sh) ◦ Rω − Sh = ((Sf ) ◦ h)(Dh)2

This is a linear difference equation in the Schwarzian derivative Sh
of the conjugacy (but the r.h.s. depends also on h). Given a

diffeomorphism h, one computes the r.h.s. ((Sf ) ◦ h)(Dh)2, solves
the equation ψ ◦ Rω − ψ = ((Sf ) ◦ h)(Dh)2 and then finds a
diffeomorphism h̃ = Φ(h) as smooth as h with Sh̃ = ψ. One can
even use the contraction principle to conclude (at the cost of one
more derivative for f ).
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Complex frequencies (Herman style)

AR
M =

{
ω ∈ R | ∀(n,m) ∈ Z× N∗, |ω − n

m
| ≥ 1

Mm2+τ

}
, τ > 0 fixed

AC
M =

{
ω ∈ C | ∃ω∗ ∈ AR

M such that | =mω| ≥ |ω∗ − <e ω|
}
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A butchered complex sphere

q = e2πiω ∈ KM = e2πiA
C
M ∪ {0,∞} ⊂ Ĉ,
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C1-holomorphic invariant curves

I Our main result is that the parametrization of KAM curves
ω 7→ u(ω; θ, ε) extends to a C1-holomorphic function from KM

to BR,ρ, where BR,ρ = H∞(SR × Dρ) is the complex Banach
space of all bounded holomorphic functions of SR × Dρ,
SR = {x ∈ C/Z | | =m x | < R} and Dρ = {ε ∈ C | |ε| < ρ}.

I C1-holomorphy essentially means complex differentiability in
the sense of Whitney, i.e. real Whitney differentiability on a
closed subset with partial derivatives which satisfy the
Cauchy-Riemann equations. They were introduced into the
subject by Michel Herman and are a generalization of Borel’s
theory of uniform monogenic functions.
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Statement of the main theorem

Theorem
Assume that f is real analytic and holomorphic in a neighbourhood
of SR0 , with zero mean value. Then there exist c > 0 and, for each
M > 2ζ(1 + τ), a function

ũM ∈ C1hol(KM ,BR,ρ), with ρ = cM−8

such that, for each ω ∈ AR
M and ε ∈ (−ρ, ρ), the function

θ ∈ T 7→ ũM(e2πiω)(θ, ε) has zero mean value and parametrizes an
invariant graph of frequency ω for Tε.
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There is only one KAM curve

I The previous Theorem provides a function ũM on KM which is
an extension to complex frequencies of the parametrization of
KAM curves existing for real diophantine frequencies
belonging to the Cantor set AR

M .

I This extension is unique thanks to a quasianalyticity property
of the space of C1-holomorphic functions on KM (S.M. and D.
Sauzin, Bull Bras. Math. Soc 2012).

I Indeed the space of C1-holomorphic functions on KM is
H1-quasianalytic: any subset of KM of positive H1-measure is
a uniqueness set (i.e. the only function of the space vanishing
identically on it ≡ 0). In other words, a function of L is
determined by its restriction to any subset of C of positive
H1-measure.
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A natural boundary

Indeed, we have also proved that from the point of view of classical
analytic continuation, the real axis in frequency space appears as a
natural boundary, because of the density of the resonances, but our
quasianalyticity result is sufficient to prove that some sort of
“generalized analytic continuation” through it is indeed possible:
the knowledge of the parametrizations on a set of positive linear
measure of rotation numbers (real or complex) is sufficient to
determine all the parametrized KAM curves: in this sense there is
only one KAM curve, parametrized by one monogenic function of
the rotation number.
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Open problems: I

Herman’s question: Hadamard’s quasianaliticity at diophantine
points.
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Open problems II

I More on Herman’s question Concerning the linearized
equation: in (S.M. and D. Sauzin Memoirs of the AMS 2000)
we prove that the solution of the linearized equation cannot
belong to any quasianalytic Carleman class but nevertheless
there is Hadamard’s quasianaliticity at diophantine points and
indeed there is even more: resurgence at resonances.

I Question: Can one replacing positive Hausdorff measure with
Hausdorff dimension equal to one in the quasianaliticity result
we prove? If this were true, then KAM curves would be
uniquely determined by their knowledge on constant type
numbers.

I Question (even more ambitious!): Can one prove that
algebraic (or, better, quadratic irrationals) are a uniqueness
set for the space of C1-holomorphic function from KM

to BR,ρ?
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