
Nonlinearity 5 (1992) 743-761. Printed in the UK 

On the standard map critical function 

Stebno Mannit and Jaroslav Starks 
t Dipartimento di Matematica ‘U. Din?, Univenita di Firenze, Vide Morgagni 67/A, 
50134 Firenze, Italy 
$ Long Range Research Laboratory, Hint Research Centre, East Lane, Wembley 
HA9 7PP, UK 

Received 10 July 1991 
Accepted by I C Percival 

Abstnd. A critical function for an area-preserving map associates with each fixed 
irrational rotation number o the breakdown threshold K ( o )  of the corresponding KAM 
invariant circle. Understanding the structure of such a function and obtaining good 
estimates and approximations to it is a problem of fundamental theoretical impartance 
and also has relevance to many applications. We present strong numerical evidence that 
a purely arithmetic function, the Brjuno function B ( w ) ,  which only depends on the 
nearest-integer continued fraction expansion of the rotation number, o, provides a good 
approximation to log(K(o))  for the standard map, which is one of the most commonly 
studied area-preserving maps. We discuss the relationship of the Brjuno function to 
critical functions in other small-divisor problems, remark on the relevance of our results 
in explaining the modular smoothing technique of Buric and Percival and prove that 
K ( o )  > 0 for all complex w with a non-zero imaginary part. 

AMS classification scheme numbers: 58F05,58F13,70K50 

1. Introduction 

The problem of obtaining accurate estimates for the breakdown threshold of KAM 
invariant tori of close-to-integrable Hamiltonian systems, area-preserving maps, or 
complex analytic maps has recently been the subject of considerable interest by 
many authors [l-61. This problem is important both from the point of view of 
obtaining a better understanding of the (complicated) dynamics of these systems, 
and from its relevance to physical applications. Some of the techniques used are the 
construction of computer-assisted proofs of KAM theorems [l-31, the renormalization 
group approach [4,5] and the stability analysis of neighbouring periodic orbits [6].  
Sometimes it is aiso possibie to expioit simpie anaiyticai properties of the 
conjugation to the irrational translation existing on the given torus [7]. 

The critical function, also sometimes called the fractal diagram, associates with 
each rotation number w the breakdown threshold K ( w )  of the corresponding 
invariant circle and has been numerically computed for several models, especially 
complex analytic and complex area-preserving maps [7-131. It has a complicated 
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nonlinar fractal structure, vanishes at all the rationals and it is almost everywhere 
discontinuous. These properties are a consequence of the fact that one is dealing 
with a difficult small-divisor problem: the fundamental obstruction to convergence 
of classical perturbation theory series expansions is number theoretical. These facts 
have also motivated an attempt to construct approximations to the critical function 
by exploiting its transformation properties under the modular group PSL(2, Z )  
[14,15]. Notethattheactionof PSL(2,Z)canbeused togeneratethecontinuedfraction 
expansion of an irrational number. 

In the context of Siege1 discs for complex analytic maps, and later of circle 
diffeomorphisms, Yoccoz [16] has proved that there is a purely arithmetic function, 
the Brjunofunction [17, 181, whose ratio to the logarithm of the critical function is 
bounded for all irrational rotation numbers. Some of Yoccoz’s ideas have been 
applied to several models [19], including the semistandard map (which is the 
complexification of the standard map [9,12!). In this case one can prove that the 
convergence of the Brjuno function for a given rotation number w is a necessary and 
sufficient condition for the existence of an invariant circle of rotation number m. 
Furthermore, there is numerical evidence that B ( w )  gives a bounded approxima- 
tion log(K(w)) for w E [O, 41. Moreover, this fact can be used to explain the 
‘modular smoothing’ approach of [14,15]. 

In this paper we study the standard map critical function and present numerical 
evidence that once again the Brjuno function gives an excellent approximation to 
log(K(o)) (see also [20] where the numerical results were not sufficient to draw this 
conclusion). 

The paper is organized as follows. First we recall some elementary facts on 
irrational numbers and continued fractions. After having introduced the Brjuno 
function we show how to calculate it for some classes of irrational numbers. In the 
third section we explain how we computed the critical function for the standard map 
and we describe and discuss our numerical results. In the conclusion we suggest 
some possible directions for future investigations. In the two appendices we 
compare the Brjuno function interpolation with the modular smoothing approach of 
Buric and Percival, and we prove that K ( w )  > 0 for all complex w with a non-zero 
imaginary part. 
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2. Continued fractions and the Brjuno function 

Let [a,, a l ,  . . .] denote the coefficients of the continued fraction expansion of an 
irrational number w ER\Q, recursively determined by a, = [l/w,] and w, = {l/wj-,} 
for aii j > i, where i j a i d  { ) denote the iniegei pait and the fiactioiia: part of a 
real number respectively and wo = w - [ w ] ,  a, = [U]. The partial fractions 

P h  1 
-=a ,+  

1 
aI f- q k  

I 
a , + -  

1 ’ . . + -  
ax 

verify the well-known recurrences 

P k =  ahph-I + P h - 2  

q h =  akqk-1 4k-2 
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for all k 2 0, with initial data q-* =p-, = 1, =p-* = 0, and the inequalities 

(2.3) 
1 

<(-1)k a-- <-, 1 
q k ( 4 h  + qk+1) ( z:) qhqh+l 

The modular group PSL(2, Z) acts on R as follows: let T E PSL(2, Z ) .  For all x E R  

(2.4) 

where a, b, c, d E Z ,  ad - bc = 1. 
Note that two irrational numbers w and o' are equivalent (i.e. their continued 

fractions coincide apart from finitely many terms) if and only if o = To' with 
T E PSL(2, Z). In particular, one has that 

and p.-lqn -p.q.-t = (-1)". 
The Brjuno function B:R\Q+R+U(m} is defined by means of the 'nearest- 

integer' continued fraction expansion. Given a real number x let ( x )  denote the 
nearest integer to x and llxll the distance from x to ( x ) .  For o irrational define 

for all k r l ,  with initial data bo= (U), BO= IIwII. Moreover, let Bh=IIf=,8, if 
k >O, and B - ,  = 1. E ( w )  is defined by 

+- 
E ( o J ) : = - ~  ~ + ~ i o g e ~ .  (2.7) 

h=Q 

This 'nearest-integer' continued fraction expansion is closely related to the con- 
tinued fraction expansion. Thus, for all k there exists an integer n ( k )  > k such that 
Bk=(-l)"(qnw-pn) [7]. In fact n ( k )  is defined inductively by n( - l )= -1  and 
n(k + 1) = n ( k )  + 2 if = 1; n(k + 1) = n(k)  + 1 if 3 2 for all k 3 -1; 

By means of this relation between the two continued fractions one can show that 
the Brjuno function is finite if and only if w verifies the Brjuno condifion [17,19] 

Clearly E ( w )  = B(w + 1) = E ( - 0 ) .  Moreover, for all w ER\Q n (0, f], B ( w )  
verifies the functional equation 

E ( o )  = -log(w) + oB(w- ' ) .  (2.9) 
From these relations one may read off immediately the behaviour of the Brjuno 
function under the action of the modular group PSL(2, Z) which has generators 
02- 0 + 1 and O J H  -l/o. 

The Brjuno function can easily be computed from some s ecial classes of 
quadratic irrationals. Thus, consider the family om = (h - m)/2 = 
[0, m, m, . . .I. These irrationals are solutions of 

1 
m + o m = -  

W m  
(2.10) 
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and from (2.9) one immediately has that for all m 3 2 
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(2.11) 

whilst 

-log(l - w , )  - -2  log(0,) 
~ R ( w : )  = - 

0 1  0 1  

Another easily computed case is given by the so-called noble numbers which can be 
obtained by the application of a modular transformation to the golden mean 

1, 1, . . .] differs from the expansion of the golden mean in only finitely many terms, 
i.e. 

w1 = (fi - 1)/2 = [0, 1 ,2 ,  . . .]. Their continued fraction expansion [0, a , ,  . . . , a" 2 

(2.12) 

Let us denote by bo,,,, ,,.., on the value of the Brjuno function B(w,, , ,  *,,.., ). If a, 2 
then +,,..., nn E (0, ?) and 

b a k , a k + t  ..... an = -  log mat+*+, ,..., c. + O n t , e k  +,,..., onbak+x  ,.... a: (2.13) 

If a, = 1, so that u.~,~,+ ,..., E (i, l), it suffices to observe that 

to find that 

bak,ak +,,..., -lodl - w.,,,,+, ,..., + (1 - Oak,ak+ ,,..., d b a b + ?  ,..., (2.15) 

A quadratic irrational [21] is any number of the form w = (P f * ) / Q  where 
P, Q, D are integers, D is positive and not a perfect square. It is thus the solution of 
the quadratic equation Qzxz - 2PQx + Pz - D = 0. The continued fraction expan- 

golden mean, or is periodic from some point onward. Thus, for example 
fi = [l, 2 ,2 ,2 ]  = [l, 21 and fi = [4 ,2 ,1 ,3 ,1 ,2 ,8 ] .  The converse is also true, any 
purely periodic continued fraction, or any fraction which is periodic from some point 
onward, represents some quadratic irrational. 

It should by now he clear that one can compute the Brjuno function for all 

&... -f -11 -..-A-.+:,- ;.-.+:,...+Ic :- &*ha. ...lrPIsl ..nA4;,- I;Ln thn -un3n&nn -f tho 
I."., "L a.. , jUY"LYL"  . L . U S . " . . U . I  I., ...La.... YY.'., y-'L"Y..., .. R I  L.... C"yU.".Y.. V L  ...- 

qua&.a!ic i:ra$icna!s For examp!e, !&e the p.r.!y periodic czsp, &, = 
[a,, a , ,  , . . , a.] = [a,, a , ,  . , . , an, U], and suppose a ,  3 2 .  Then 

B ( w )  = B(w -a,)  = -log(o -ao)  + B ( [ a , ,  . . . , a., U ] )  

and again one can iterate this procedure, leading to an explicit formula for B ( 0 )  

(2.16) 
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3. The critical function for the standard map 

The standard map is given by 

y,,, = y,, + K sin x. 

=x .  +yn+,(mod2n) 
(3.1) 

where (y",  xn )  E R  X R/2nZ and K is a real-valued parameter. The best way of 
computing the critical function for the standard m a v a t  least conceptually-would 
probably he by using a perturbative approach. Thus, given a 'strongly' irrational 
rotation number w E R\Q, the KAM theorem states that there exists a corresponding 
invariant circle for sufficiently small K .  On this circle the standard map is 
analytically conjugate to the irrational translation 

T, : f t + 2nw(mod 2n). (3.2) 
This means [22] that there exists an analytic function u(t, K) which satisfies the 
functional equation 

(3.3) U([ + 2nw, K )  - 241, K) + u(t - Znw, K) = K sin(( + u(t, K)) 
such that - " 

x = t + u ( t , ~ ) = t +  K" 2 u,,,e im, , 

" = I  m=-n 
(3.4) 

This is-for the standard map case-what Poincark called a Lindstedr series [23]. 
One may now define the standard map crificulfunction by 

--I 

~ ( w )  := tc[0,2n] inf [lim n-m sup lu.(t)l'"] (3.5) 

where u.(t) = u.,,e"'. K ( w )  thus gives the parameter value at which the 
circle of rotation number w ceases to be analytic. It is generally believed that 
typically this also corresponds to the complete breakdown of the circle. Clearly 
from (3.3) it follows that K ( w )  = K ( w  + 1) = K(-w) and K ( w )  = O  at all rationals. 
Moreover, one can derive a recurrence for the coefficients u,(t) of u(t, K) (see 
appendix 2) and in principle obtain numerical estimates of K ( w ) .  This approach has 
the disadvantage that it is extremely time consuming. One would like to have 
reasonably accurate estimates of the critical function (say to at least three significant 
digits as in [7]), which would imply computing the series expansion in (3.4) up to 
very high orders. 

On the other hand, a variety of heuristic criteria for determining the existence 
or not of invariant circles do exist and can be used to obtain extremely good 
numerical approximations to K ( w ) .  The most useful of these in practice is Greene's 
residue criterion [6].  This is based on the empirical observation that the stability of 
an invariant circle appears to he closely related to the linear stability of nearby 
periodic orbits. 

It is convenient to measure the linear stability of a periodic orbit of period q for 
an area-preserving map f (such as the standard map (3.1)) in terms of its residue R 
defined as 

2 - Trace(Dfq) 
4 

R =  
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where Of4 is the Jacobian matrix of f q  at any point on the periodic orbit. Recall 
that by the Poincare-Birkhoff theorem any area-preserving twist map has at least 
two periodic orbits of rotation number p / q  for every rational p l q .  One orbit has a 
non-negative residue which we shall denote Rpiq and the other orbit has a 
non-positive residue (see, for instance, [24,25]). 

Given an irrational rotation number w we can look at the behaviour of the RPbiqk 
as k+m where p k / q k  is the kth convergent of w given by (2.1). Greene observed 

behaviour of Rpk,qk and the existence of an invariant circle of rotation w: 
(i) Rpkiqk+ 0 as k+ m if and only i f f  has a smooth rotational invariant circle of 

rotation number w; 
(ii) RPriqk+m as k + m  if and only if f has no rotational invariant circle of 

rotation number w; 
(ii.! Rp,,, $anverges !o neither 0 nor m IS k- m if and er?!y i f f  has a cr i~ca!  

rotational invariant circle of rotation number w. 
This gives rise to the following algorithm for computing the parameter value 

K(w) at which an invariant circle of rotation number w breaks in a one-parameter 
family fK of area-preserving maps such as the standard map. Choose some fixed 
residue R,  > 0 and for each n find the parameter value K. such that Rpmiqn(Km) = R ,  
(typically this is unique). Then it appears that _ K , - K ( ~ J )  as n - m .  

There are two main problems with this scheme. particularly when the a, of the 
continued fraction expansion of w are large or behave irregularly. The first is that 
the choice of R,  is crucial for the rapid convergence of the K.. Unfortunately, the 
optimal choice is different for each w (or rather each equivalence class of o under 
PSL(2,Z)) and there is no a priori way of determining this choice. The second 
problem is the sheer difficulty of numerically finding the p.?/qC periodic orbits for 
large n. This is because for such orbits RPmiqm(K) varies very rapidly with K. Hence 
if the initial estimate for K. is not very accurate a numerical orbit finder may well 
end up searching for a periodic orbit with a very large residue. Such an orbit will be 
extremely unstable and hence the orbit finder is unlikely to succeed. 

In [26] one of us showed how an approximate renormalization scheme due to 
MacKay [SI can be used to greatly improve the performance of the residue criterion. 
Two particular algorithms are described there. The first of these is not suitable for 
the purposes of this paper, since its results are dependent on the approximate 
renormalization. The second scheme, however, merely uses the approximate 
renormalization to provide good predictions for numerical root finders and hence 
the values it computes are completely independent of the approximate renormaliza- 
tion. This independence is extremely important in our case since the approximate 
renormalization bears a marked resemblance to the Brjuno functional equation (2.9) 
and hence if it was allowed to influence our numerical determination of K(o) it 
would make our comparison with the Brjuno function highly suspect. 

We shall give only a brief description of the numerical algorithm used; further 
details can be found in [26]. It turns out to be convenient to work in terms of the 
intermediate approxmants to cu rather than the wnvergents. These are defined to 
be rationals of the form [ao, al ,  . . . , an-l, b] for 1 s b s a . .  The intermediates are 
thus more frequent and more closely spaced than the convergents. As a 
consequence, the parameter values K ,  corresponding to successive intermediates are 
closer to each other. This both greatly aids the numerical determination of the Ki 
and makes it easier to estimate their limit. Whilst it is possible to generate the 
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intermediates in terms of the continued fraction, it is often more convenient to use 
Farey subdivision. As we shall see below this is also the most natural way in which 
to present the approximate renormalization. Thus, set wo = w,  p o  = 1, qo = 0, 
Po = 1, Q, = 0 and define w;. p J q i  and pr/Qi inductively by 

(3.7) 
=pi + pr 

Qi+i  = 4; + Q; 
if wi < 1 

Pi+l = pr 
q;+i = Q; 

if w; > 1 

= 0; - 1 

Pi+] = P i  (3.9) 

qi+i = 4;. 

Then successive pl/Q; are precisely the intermediate approximants of w .  The fYQ; 
corresponding to mi < 1 give the convergents. Note that wi = -(Qiwo - pl)/(q;wo - 
p i )  and fig; - p i e i  = f l  for all i. Thus, w = ( p ; ~ ;  + &)/(q;o; + QJ and hence w 
belongs to the interval whose end-points are p i / q i  and f i /Q; for all i. 

The approximate renormalization scheme seeks to model the exact renormaliza- 
tion (which acts on the space of all area-preserving twist maps [ 1 5 ] )  by only four 
parameters (mi ,  vi, r;, R;) .  Here w; is the 'renormalized' rotation number defined as 
above, whilst v; = (Qivo + pl) / (qiv ,  + pi) encodes the past history of renormaliza- 
tions. It can also be defined inductively by vi+, = 1 + l /v;  if 0; < 1 and v ; + ~  = v; + 1 
if 0; > 1. The initial choice of v, is arbitrary but since 8- mQi and p i - +  wq; we 
have vi-,Qi/qi as i + m  independently of vo. The r;, Ri correspond to the residues 
of the &/e; and p J q ;  periodic orbits respectively, that is, ri = R,,,/,,! and Ri = RE/Qj.  
Note that more usually the scheme is expressed in terms of the logarithms of ri and 
R; and that vi is often denoted by ki.  

The renormalization scheme can be used to give a good estimate of K,,,  based 
on previously found orbits. Thus, suppose we have found K; such that = R,  
and wish to compute K,+,  such that RP., ,Inj+,(K;+I) = R,. Then, assuming that K is 
reasonably close to K ( w ) ,  the approximate renormalization predicts that 

R C + , / ~ + ~ ( K )  = U ( v ; ) R e / , ( K ) R , , / ~ , ( K )  (3.10) 

where 

1 (l+v;)6 
(3.11) 

Originally, based on a perturbation analysis of a two-wave Hamiltonian [4], MacKay 
[5] used A = (I = 1. However, subsequently [17,28] much better agreement was 
found when A = 1.97 - exp(0.677) and a = 0.537. With this choice the approxima- 
tion (3.10) is remarkably accurate as long as the continued fraction terms of w are 
less than about 20. Now p i / q i = c / Q i  for some j i i  and hence we have already 
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found the p J q ,  orbit at some nearby parameter value. We can approximate 
and Rp,,n, by their linear parts, that is, 
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RPJQ,(K) RP,/Q,(K;) + a , R e / , ( K )  (K - K;) 
Rp,/p,(W E Rp,iQ,(Kj) -t a~Rp,/,(Kj) ' ( K  - Kj) 

(3.12) 

where a, indicates differentiation with respect to the parameter K and can either be 
computed directly or obtained from a finite difference estimate. Using (3.10) and 
(3.12) we can obtain an estimate E;,, for the parameter value such that 
R,,Q,(&+t) = R,. More precisely, 6 = R;,, - K; will be the solution of the quadratic 

- 0 (3.13) R, 
U ( % )  

d,R;aKRj62 t (aKRjRp,/Q<(K;) i aKRiRj)6 t RjR; 

where 

Rj = Rql~,(Kj) + aKRp,/,(Kj) ' (K; - K,) 

aKRj = aKRqiQ,(Kj). 
= aKRw,(K;) 

This can be used as an initial guess for finding K,,,. Since in practice seems to 
be an extremely good estimate for K,,, usually only three or four iterations of a root 
finder are required to converge to K,,,. 

Finally note that for reversible area-preserving maps, which are the cases usually 
studied (e.g. [29]) and include the standard map, the existence of symmetries 
implies that finding a p , / q ,  periodic orbit is only a one-dimensional search and 
hence determining K, is a two-dimensional one. This greatly eases the computa- 
tional load of these algorithms. 

Most of our numerical work was carried out using the above version of Greene's 
residue criterion. In addition we have also used a method (described in [20]) based 
on converse KAM theory [29-311 and the Lindstedt series (3.4). Whilst this is less 
precise, it can be used closer to the resonances. The results obtained by both 
algorithms were in good agreement. However, due to its better precision, all the 
results obtained below were obtained using the residue criterion. 

-0.5 1 
m 
0 

-1.5 
0 0.1 0.2 0.3 0.4 0.5 

w 

Figure 1. Plot of the logarithm of the critical function of the standard map far Some 
2303 rotation numben. 
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' -2.5 

0 0.1 0.2 0.3 0.4 0.5 

0 

Figure 2. The Brjuno function B(o) for the same rotation numbers as figure 1 

Figure 1 shows the logarithm of the critical function for the standard map for 
some 2300 rotation numbers w E [0, f]. These include all nobles up to a depth of 12 
in the Farey tree as well as a selection of other rotation numbers chosen to explore 
more closely the resonances at 0,1, f and a. Figure 2 gives the Brjuno function for 
the same set of rotation numbers. There is a great deal of qualitative similarity 
between the two figures. To further investigate the relationship between the two 
functions figure 3 shows a plot of log(K(w))  against B ( w ) ,  again for the same set of 
w .  Clearly B ( w )  gives a remarkably good approximation to log(K(w)) ,  especially 
when one considers that B(o) is purely number-theoretic function whilst K ( w )  
depends on the full nonlinear behaviour of the standard map. 

The form of figure 3 suggests a relationship between the two functions of the 
form l o g ( K ( o ) )  = CY - PB(w).  A priori, there are strong reasons for suggesting that 

= 2. This is because the slandard map takes the form of a second-order recurrence 
(i.e. x n + ,  - 2r, +x.-~ = K sinx.) and previous work with other small-divisor 

. t .5  1-, 
-3.5 -3 -2.5 -2 -1.5 

-B(ol 

Figure 3. Plot of log(K(o)) against B(o) for the same rotation numbers as figure 1 
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2.5 

a 0.1 0.2 0.3 0.4 0.5 

LD 

Figme 4. Plot of log(K(w)) + 2B(o) for the same rotation numben as figure 1. 

problems has always given a value of 0 equal to the order of the recurrence. Thus, 
in the case of Siege1 discs and circle diffeomorphisms (both first-order recurrences) 
Yoccoz [16,32] proves that log(K(o)) + B(w) is a bounded continuous function, 
whilst one of us [19] has given strong numerical evidence that for the semistandard 
map (a second-order recurrence) it is l o g ( K ( o ) )  +2B(w) which is continuous and 
bounded. We thus plotted log(K(w)) + 2B(w) for the standard map (figure 4). 
Unfortunately, this does not appear to have hounded behaviour and in fact seems 
very similar to the plot of B(w) itself, suggesting a value of 0 closer to 1 would be 
more appropriate. A more detailed examination of figure 3 and in particular a 
linear fit of log(K(w)) against B(o)  for several sequences of w converging to 
various resonances finally led us to a value of about 0.9. This is illustrated in figure 
5, plotted at the same scale as figure 4, which shows that 1.5-0.9B(w) gives an 
excellent approximation to log(K(w)) for the standard map. This suggests the 
following three conjectures. 

2.5 j 

a 1 a 0.1 aa as 0.4 a5 

Ryre 5. Plot of log(K(w)) + 0.9B(w) for the same rotation numbers as figure 1 .  
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Conjecture 3.1. The standard map has an analytic rotational invariant circle of 
rotation number w for K > 1 if and only if B(w)  < m, in other words, if and only if 
w verifies the Brjuno condition (2.8). 

Conjecture 3.2. There is some value fi  > 0 such that Cp = log(K(w)) +@?(a) is a 
hounded function for w E [0, 41. 

Conjecture 3.3. Cp for this value of /3 is continuous. 

Each conjecture implies the one before. Due to the properties of K ( w )  and 
B ( w ) ,  C,(o) can be extended to an even periodic function defined on R by means 
of the relations C,(w) = C,(w + 1) = C,(-w).  Figure 4 suggests that conjecture 3.2 
holds with f i  = 0.9. However, the real value of f i ,  if it indeed exists, depends on the 
behaviour of ( K ( w ) )  as w approaches rational values. Since we have only been able 
to determine ( K ( w ) )  for w which are still quite far from rationals, it is entirely 
possible that a substantially different value of f i  is appropriate, even possibly equal 
to 2 as we had originally conjectured. Note that since B ( w ) + m  as w tends to any 
rational, there is at most one value of fi  such that C, is bounded. We are somewhat 
more hesitant in suggesting that conjecture 3.3 holds, though note its close 
relationship to modular smoothing (see appendix 1). Also, we believe that it is 
almost inconceivable that C, should be anything better than continuous. 

In order to investigate the behaviour of C, near resonances we computed K ( w )  
for several sequences of rotation numbers converging to the resonances at 0 , l  
(which is the same as 0 for the standard map), f ,  and :. These were of the form 
w = [m-1, [m, 1-1, [q, m-1, [q, m, 1-1, [q  - 1, 1, m,] and [q - 1, 1, m, 1-1. Here m, 
denotes an infinite sequence of ms, q E { l ,  2, 3,4} and m+m. Figure 6 shows a 
typical example. We see that asymptotically we get an extremely good fit of 
log(K(w)) against 1.5099 - 0.89715B(w). All the other cases studied gave similar 
fits, though with different values for a and 0. These are listed in table 1. From the 
point of view of the above conjectures it is then crucial to decide whether the values 

Blol 
Figure 6. Plot of lag(K(o.)) against B ( o J  for o. = [n,  1-1 with n from 1 to 24. The 
straight line represents the best linear fit in the range n = 9-24. 
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Table 1. Coefficients of the best linear fits of log(K(w)) against or-pB(w)  far a 
selection of sequences of rotation numben. 

Continued fraction or B Range of n far fit 

1.6278 
1.5099 
1.6249 
1.4048 
1.2960 
1.526 1 
1.5153 
1.4176 
1.4642 
1.5555 
1.5875 
1.4707 
1.4970 

0.945 72 
0.897 15 
0.944 18 
0.92849 
0.871 13 
0.945 45 
0.927 21 
0.889 W 
0.900 15 
0.934 56 
0.941 36 
0.892 34 
0.895 87 

7-16 
9-24 
6-16 
7-16 
8-24 
7-18 
7-16 
8-18 
8-18 
7-16 
7-16 
8-18 
8-18 

of p are significantly different or not, and similarly for all the values of 01 

corresponding to the same resonance. On the whole we believe that this will turn 
out to be true, even though there do appear to be significant differences in table 1. 
We believe that these are due t o  the fact that we are not sufficiently far into the 
asymptotic regime. Thus, for instance, the smallest value of K we have calculated is 
around 0.24 whilst of course the full range of K in the standard map is from 0 to 
approximately 0.971. 

Finally, we point out one other similarity between B ( w )  and log(K(w).  Let wi be 
a sequence of rotation numbers such that U;+, = 1/ (1+ U,) ,  with wo arbitrary. Thus, 
passing from w, to U;+, corresponds to adding an extra 1 at the front of the 
continued fraction expansion of U;. Clearly 0,- y as i -  m where y is the golden 
mean (G + 1)/2. Then, asymptotically, 

I ~ ( ~ ; ) - B ( ~ ) l - I ~ i - ~ l ” * .  
In other words, at the golden mean the envelope of B ( w )  takes the form of a square 
root cusp. The same results holds at any other noble rotation number. On the other 
hand a renormalization analysis shows that the analogous result for log(K(w) is 

with q -0.5063 (e.g. [28]), which is indeed very close to 4. 
llog(K(wi)) - M k ( y ) ) l -  IWi  - YI” 

4. Conclusion 

We state four open problems: 
(i) First of all to prove (or disprove) our conjectures, i.e. 
( a )  The standard map has an analytic rotational inuariant circle of rotation 

number w for K > 1 if and only if B ( w )  < m, in other words, if and only if o veri@ 
the Brjuno condition (2.8). 

( b )  There is some value p > 0 such that C, = log(K(w)) + p B ( o )  is a bounded 
function for w E [O, $1. 

( c )  C, is continuous 
As regards the first conjecture, the convergence of the Lindsted series (3.4) 

when w verifies the Brjuno condition can probably be proved by adapting 
Russmann’s version of KAM theory [33-351. The difficult part of this conjecture is to 
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show that the Brjuno condition is not only sufficient but also necessary. One 
possible approach would be to try to adapt Eliasson's proof of KAM theory [36-381, 
obtained by means of the majorant series method and Siegel's lemma [3Y], so as to 
include Brjuno's counting lemma [17,18]. This is unlikely to be easy since Eliasson's 
argument is very subtle and not yet completely understood. 

Support of this conjecture comes also from the fact that the stable manifold of 
the approximate renormalization operator of MacKay exists for log(K) > --m if and 
only if the Brjuno condition is verified [5]. The existence of a stable manifold for a 
given w is exactly analogous to the existence of an invariant circle for an 
area-preserving map. 

The second and third conjectures (and their analogous statements in [16] and 
1191 for complex analytic and/or area-preserving maps) seem to be beyond the range 
of currently available techniques. 

(ii) In [28], MacKay and Stark present evidence.that for the standard map (and 
using a universality argument for a wide class of other area-preserving maps) the 
local maxima of K ( w )  occur at very special values of w. More precisely, suppose 
that p / q  and P/Q are neighbouring rationals (i.e. p Q  - Pq = *l). Then if 1/qQ is 
sufficiently small the maximum of K ( w )  in the interval [ p l q ,  P/Q] occurs at 
w = (p + p P ) / ( q  + pQ) with p one of 1 + y, y, l / y  and 1/(1+ y )  where y is the 
golden mean (fi+ 1)/2. The same holds for the approximate renormalization, 
through the set of allowable p has to be expanded to include 2 + y and 1/(2 + y). It 
would be interesting to see if one could prove something similar for B(w) .  

(iii) As suggested at the end of appendix 1, the relation log(K(w))  = BB(w) - 
C,(w) seems to be the beginning of an (asymptotic) expansion of K ( w )  of the 
critical function. It would be nice to devise ways of computing higher-order terms. 
One approach is clearly via modular smoothing [14,15]. 

(iv) Does the Brjuno function admit a regular extension to some domain in the 
complex w plane? This should be reasonable since, if the imaginary part of o is 
different from zero, the convergence of the perturbation series--solution of (3 .3bis  
assured, as one can see by applying directly a standard majorant series argument (a 
sketch of the proof is given in the appendix 2). Moreover, one can use standard KAM 
arguments to prove the convergence of the perturbation series uniformly with 
respect to rotation numbers w which belong to a complex cone, whose vertex is a 
real diophantine number (see [40] for more details). These two facts suggest that 
B(w), for real o, might actually be the boundary value of some regular function of 
the complex upper-half plane, probably intimately related to modular forms. 

It is interesting to remark that the first analysis of the behaviour of small-divisor 
problems and Lindstedt series for complex rotation numbers dates back to 
Kolmogorov [41] and Arnol'd [42], and to their studies about the linearization of 
vector fields on the two-dimensional torus. They conjectured that the Lindstedt 
series, regarded as a function of w ,  were uniform monogenicfunctions in the sense 
of E Bore1 [43]. These generalize the notions of analytic function and of the 
process of analytic continuation to functions which have a dense set of zero measure 
of singularities. In our case this set corresponds to those real rotation numbers not 
satisfying the Brjuno condition. 
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Appendix 1. Modular smoothing and the Brjuuo function 

In this appendix we discuss the relationship between the Brjuno function and the 
modular smoothing approach of Buric, Percival and Vivaldi [6]. They consider the 
functions 
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L , ( o )  = log K ( w )  - w log k(w-')  (Al.1) 
and 

L2(o)  = (w  + l )L,(w + 1) - wL,(o) .  (A1.2) 

defined for o ER,. They provide numerical and analytic evidence that: 
(i) L1 is continuous on R, and the limits as w - 0  and w-+m exist and are 

respectively equal to --m and +m. In particular, L,  is bounded at all rational o # 0. 
(ii) L, is everywhere differentiable, and the limits as w - 0  and o - + m  exist 

and are respectively equal to 0 and to +W. 

The properties of L,  all follow from our conjecture 3.3, though unfortunately the 
converse is not true. Furthermore, the Brjuno function approach yields considerable 
insight into why modular smoothing should work. Thus, observe that 

L,(w)  = C,(W) - oC,(w-') - &(w)  

where 

LB(w)  = B ( w )  - ~ B ( W - ' )  

Thus, LE is the result of applying modular smoothing to the Brjuno function. Figure 
7 shows a plot of LE on the interval [$, 11. As we shall see below, LB has all the 
properties claimed above for L,.  This implies that the properties of L, follow as an 
immediate corollary to conjecture 3.3. So it remains to show the following. 

Lemma Al . l .  LB is continuous on R, and the limits as w+O and w- +m exist 
and are respectively equal to -m and to +m. 

0.25 0.5 0.75 1 
0 

F w  7. Ihe function L B ( w )  = B(w)  - wB(o- ' )  in the interval w E ( i ,  11. 
for w > 1 we have LB(w)  = -wL,,(w-') and for w E (0, t ] L B ( w )  = -log(w). 

Note that 
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Proof. A simple calculation shows that 

- k d w )  for w E [O, 41 

for w E [l, m]. 
L B ( W )  = -log(l - w )  - oL,(o-l - 1) for w E [f, 11 (A1.3) { -wL,(w-') 

Now define the map T: [i, 11- [0, 11 by T ( w )  = 0 - l -  1. Let F; be the ith Fibonacci 
number defined by F , = O ,  F l = l  and F ; + , = F , + F ; - , .  Let zi be the point z i =  
E / E + , ,  4 the interval between z, and z,,, and Jt the interval between z, and z,,~. 
Note that 4 = Ji U Since I, E [i, 11 for i 3 1, T is defined on I, for all i 3 1. In 
fact, T(&.) = and T(z,)  = zi-l .  Now consider w E [i. 11. By induction we get that 

+ fil ( -Tj(w))[ log(T"(o))  + L,(T"w))l 
j = 0  

(A1.4) 

for all n such that T ' (0 ) )  E [i, 11 f o r i  = 0, . . . , n - 1. Then if T"(w))  E [0, +] we get 

Note that T'(w) E [i, I] for i = 0, . . . , n - 1 and T"(w)  E [0, f ]  if and only if w E J, 
and if and only if precisely the first n terms of the continued fraction expansion of w 
are equal to 1 (and the (n + 1)th term is larger than 1). Equation (A1.3) defines 
L B ( w )  for all W E  [$, 11 except for U =  w1 =(G- 1)/2. This can either be 
ccmptted dircc!!y from the v a ! ~  ef or frum (A1.3). !c eithcr CBSC we get 
L B ( w I )  = (1 - w l ) B ( w 1 )  = -2g1 Iog(w,). It is now clear that LB is continuous, 
except possibly at the points z, and l l z ;  for i > 0 and wl and l/w,.  

Now either (A1.3) or (A1.4) gives LB(w) = -a log(w) - (1 - w )  log(1- w )  for 
w E [!, 11. Applying (A1.3) we get L B ( w )  = -w  log(w) + ( w  - 1) log(w - 1) for 
w E [l, $1. Thus, LB is well defined and continuous at w = 1. Similarly, again from 

1) log(2w - 1) for w E [i, 31 = J2. Hence, L&) = log(2) and L ,  is continuous at 
U = ? .  Now observe that T"(z,+,)=z,=$ and that T" is continuous in the 
neighbourhood of . z ~ + ~ .  Hence, log(T"(w)) + L,(T"o))  is continuous in the 
neighbourhood of z,,~ and of course so is log(T'(w)) for O i  i < n. Hence, from 
(A1.4) we conclude that LB is continuous at z,,,~ for all n > 0. Since we have already 
proved continuity at z2 = 4 and z1 = 1 we have continuity at all 2,. From (AM) we 
immediately get continuity at l/z,. Thus, it remains to prove the continuity of L ,  at 
ol. In fact we get the following. 

Lemma A1.2. Given any r )  such that O <  r) < $ there exists a constant M 2 0  such 
that 

either A1.3 or A.1.4 we have L.,-(<O) = - - < , I  log(0) - <LB log@ - CL,) + ( 2 9  - 

ILB(o) - LB(wI )~  C M  IU - wil? 

Proof. Choose E > O  sufficiently small such that 

(wl + & ) w ; y l  + &)l+? < 1. 
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Choose n sufficiently large such that for all w E J, for all i 2 n we have 
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Ilog(1- 0 )  - log(1 - W l ) l <  w;Z(l+ E )  J w  - WII 

Iw - W 1 l < & .  

Fix i B II and cheese m > 0 

I L B ( w ) - L B ( w l ) l < M l ~ -  Will 

[ L R ( W , )  + w;y1+ &)]&I+*  < M(1- ( U I  + & ) W ; Z y l +  &)l+S 

!hi?! 

for all w E J,  and 

Then for all w E J,+ I 

I L B ( 0 )  - LB(W1)I < IWl- w )  - IogU - 01)l + w IT(o) - WII + 10 - WII L B ( W 1 )  

< ( L B ( W 1 ) + O ; ~ ( l + & ) ) I W - W ~ l + M ( W I + & ) I  T ( w ) - o , l ?  
< { M ( w ,  + &)W;2*(1+ &)'+s+ [LB(O,)  + w;Z(l+ &)]&l-q}  Iw - O l l V  

< M \U - u ~ ) " .  

Thus, by induction ILB(w) - LB(wl)l < M Iw - w1I9 for all w E J, for all i 3 n. But 
U,,,J,=Jn\{wl}. Hence, ILB(u) - LB(ul)l < M  1 0  - wl lv  on a neighbourhood of 
w1 as required. 

Unfortunately applying the next modular smoothing procedure to L B ,  i.e. 
forming (U + l ) L B ( w  + 1) - wL,(w) does not result in a smooth function. In other 
words whist our conjecture 3.3 suiiices to expiain the first smoothing procedure, to 
justify the second one needs further investigations into the nature of C,(w). In some 
ways we can thus think of the Brjuno function as a 'first-order' approximation to 
log(K(w)).  In this context our expression log(K(w))  = C,(u) - ,%(U) can be seen 
as the start of an 'asymptotic expansion' for log(K(w)).  One would like to hope that 
modular smoothing might help to  compute the higher-order terms in this. 

Appendix 2. Complex invariant circles of the standard map 

We prove, by means of a direct application of the majorant series method, that the 
formal series solution of (3.3) converges if the imaginary part of the frequency w is 
strictly positive. 

Let us denote by D the finite difference operator defined by 

D u ( t , K ) = u  t + -  - -U 1 - -  ( 3 ( 3 
so that we can rewrite (3.3) as follows: 

(DZ-U)(f, K) = K sin(t + u(f ,  K)). 
Set 

(A2.1) 

(A2.2) 

u(t, K )  = K"u.(t). (A2.3) 
"=I 
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Then (A2.2) gives rise to the recurrence 

D'u, =sin t 
1 d ' s in t  

Dzu,+, = (7-) U,, . . . uy. 
j = ~  I !  dt' n,+ ...+ n,=n 

(A2.4) 

Remark. If one replaces sin t and d' sin t/dt' in (A2.4) with 1, one obtains the 
recurrence relation verified by the Lindstedt series for the semistandard map. This 
series-when w is realk-converges if and only if w verifies the Brjuno condition 
(2.8) (see [19] for a proof). 

Assume that w E C, Im w * 11 > 0 for some positive constant 11, and consider the 
operator D acting on the space dp of 2 n  periodic functions analytic in the interior of 
the complex strip 

(A2.5) 

(for some positive constant p )  and with a hounded continuous extension to its 
closure. It can then he immediately checked that D maps dP into itself and has 
hounded inverse. For example, if we consider the following norm for functions 

T ( p )  = {t E c 1 IImtl s p }  

f ( t )  E d P ,  f ( t )  = exp(ikt) 

then 

Since 

(A2.6) 

(A2.7) 

(A2.8) 

for all j ,  one has the following recurrence for the norms of the coefficients.u,(t) of 
u(t, K): 

4 e p  " 
11 i=l n,+ ...+ a,=" 

I l~"+l lP S T Z  c II~",IIP . . , IIU,llP. (A2.9) 

It is now easy to check by induction that for all n 

where the sequence (b&, is recursively defined by b, = 1, 

(A2.10) 

(A2.11) 

and it is well known that 

b , s - (  1 2n - 2 )<4". 
n n - 1  (A2.12) 
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Thus 
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I lu, l lo~4 n e "0  tl -Z"b, 6 16"e"Oq-Z" (A2.13) 

from which one reads that the series expansion of ~ ( t ,  K) converges uniformly to an 
analytic function on 
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