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Abstract

We consider the recurrence time to the r-neighbourhood for interval exchange
maps (i.e.m.s). For almost every i.e.m. we show that the logarithm of the
recurrence time normalized by — log r goes to 1. A similar result of the hitting
time also holds for almost every i.e.m.

Mathematics Subject Classification: 37E05, 11J70

1. Introduction

Let u be a probability measure on a metric space (X, d) defined on Borel subsets of X and let T’
be a measure preserving transformation. Given a measurable subset E with positive measure
and a point x € E one can consider the first return time Rp(x) = inf{j > 11T/ (x) € E}
of the point x in the set E. By the Poincaré recurrence theorem one has Rg(x) < +oo for
almost every x and Kac’s lemma states that | £ Re(x) du < 1 where equality holds for ergodic
transformations.

Let r > 0 and let 7, (x) be the return time to the r-neighbourhood of x

7.(x) =min{j > 1:d(T/x,x) <r},

and let 7, (x, y) be the hitting time of an r-neighbourhood
T.(x,y) =min{j > 1:d(T/x,y) <r}.

For expanding maps on the interval we have that (e.g. [1,6, 10])

log 7, (x)
m———=1

a.e. x,
r—0 —logr
. logt(x,y)
lim ———— =1 a.e. x.
r—0 —logr
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For an irrational rotation ( [3,7]) we have that

. logt.(x) 1 — log 7, (x)

lim ——— = —, lim ———= =1

—o —logr n r—0 —logr

. logt,(x,y) = log 7, (x, y)

lim ——=1 a.e.ux, lim ———— =17 a.e.x,
—o —logr r—0 —logr

where 7 is the type of the rotation defined by
n = sup(B : liminf j#|| j|| = O},
j—oo

If the rotation number is a Roth type number (see below) one has n = 1.

Let A denote an alphabet with d > 2 elements. Let I be an interval and (/)< 4 a partition
of I into d subintervals. An interval exchange map (i.e.m.) 7 is an invertible map of / which
is a translation on each I,. Thus, T is orientation-preserving and preserves the Lebesgue
measure.

In this paper we show that for almost every i.e.m. we have

log 7, (x)
m———=1

a.e. x,
r—0 —logr
. logt(x,y)
lim ————— =1, a.e. x.
r—0 —logr

For an earlier work, it is shown [4] that for almost every i.e.m. the limit inferior of the hitting
time was 1 using the criterion of [2].

2. Continued fraction algorithms for i.e.m.s

Following [9] we introduce here the basic notions about i.e.m.s needed in the following. We
also recall the construction and the fundamental properties of the continued fraction algorithm
for i.e.m.s. We refer to [9] and references therein for the proofs.

An i.e.m. is determined by combinatorial data on one side and, length data on the other
side. The combinatorial data consist of a finite set .A of names for the intervals and of two
bijections (g, ;) from A onto {1, ..., d} (where d is the cardinality of .4): these indicate in
which order the intervals are met before and after the map.

The length data (Ay)gca give the length A, > O of the corresponding interval. More
precisely, we set

I = [O, )La) X {Ol},

A= Z)‘“’
aeA
I :=1[0,A%).

We then define, for ¢ = 0, 1, a bijection j, from Lyc 41, onto I:
Je(x, ) = x + Z Ag-
e (B) <7 ()
The i.e.m. T associated with these data is the bijection T = j; o j, Uof I and

T(x)=x+ Z Ag — Z Ag, for x € I,.

1 () > (B) 0 () >70 (B)
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In the following, we will always consider only combinatorial data (A, 7y, 7r1) which are
admissible, meaning that forallk = 1,2,...,d — 1, we have

Y (AT 3 I Sy (S T 3 )

Moreover we will assume our maps to have the Keane property: there exists no finite orbit
segment which starts and ends in a discontinuity of the map. More formally, if one defines a
connexion for T to be a triple (¢, B, m) where «, § € A, mo(B) > 1, m is a positive integer,
and T (jo(0, ®)) = jo(0, B) we say that T has the Keane property if there is no connexion
forT.

The Keane property is the appropriate notion of irrationality for i.e.m. since, as Keane [8]
himself proved,

e an i.e.m. with Keane’s property is minimal (i.e. all orbits are dense);
e if the length data are rationally independent (and the combinatorial data are admissible)
then 7 has Keane’s property.

For admissible i.e.m.s with the Keane property we can introduce the generalization of
continued fractions to i.e.m.s (see [13] for a more detailed discussion) due to the work of
Rauzy [11], Veech [12] and Zorich [14,15].

Let (g, 1) be an admissible pair. We define two new admissible pairs R (g, 1) and
R (g, 1) as follows: let g, oq be the (distinct) elements of A such that 7wy (o) = 71 (1) = d;
one has

Ro (1o, 1) = (70, A1),

Ri(m, 1) = (7o, m1),

where
mi(a) if 1 (o) < 7y (ap),
() = {m(a) + 1 if 1 (ag) < m (@) < d,
() +1 if o = ay, (i (o)) =d);
o (o) it o (o) < mo(er),
mola) = { mo(a) + 1 if mo(ay) < 7o) < d,
mo(ay) + 1 if @ = ay, (mo(ay) = d).

The extended Rauzy class of (mg, 1) is the set of admissible pairs obtained by saturation
of (my, 1) under the action of Ry and R;. The extended Rauzy diagram has for vertices
the elements of the extended Rauzy class, each vertex (g, ;) being the origin of two
arrows joining (mo, 1) to Ro (7o, 71), Ri(7wo, w1). The name of an arrow joining (g, ;)
to R (1o, 1) (with & € {0, 1}) is the element «, € A such that 7. (c;) = 1.

Let T be an i.e.m. given by data (g, 1), (Aq)aca. For e € {0, 1}, define . € A by
. (a;) = d as above.

We say that T is of type ¢ if one has A,, > A, ,; we then define a new i.e.m. V(T') by the
following data: the admissible pair R, (g, ;) and the lengths ()A\o,)aE A given by
{)A»az)»a if o # «,

~

Aoy = Agy — Aoy, otherwise,
i.e. the length data of T', are obtained from those of V(T') as follows:
A=V (T)k, (D

where the matrix V (7T') has all diagonal entries equal to 1 and all off-diagonal entries equal to
0 except the one corresponding to (o, @—.) which is also equal to 1.
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The i.e.m. V(T) is the first return map of 7 on [0, Z#alia Ao ). We also associate with T
the arrow in the extended Rauzy diagram joining (g, 71) to R, (7o, 7r1). Iterating this process,
we obtain a sequence of i.e.m VK(T)k >0 and an infinite path in the extended Rauzy diagram
starting from (s, ;). In fact, a further property of irrational i.e.m.s (i.e. with the Keane
property) is that every name is taken infinitely many times in the infinite path (in the Rauzy
diagram) associated with T'.

This property is fundamental in order to be able to group together several iterations of V
to obtain the accelerated Zorich continued fraction algorithm introduced in [9].

Starting from T = T'(0), we define a sequence T (n) = V" (T') by the following property:
forn > 0, k(n + 1) is the largest integer k > k(n) such that not all names in .4 are taken by
arrows associated with iterations of V from T (n) to V¥(T).

Let T = T (0) be an i.e.m. satisfying the Keane property. Let (7 (n)),>0 be the sequence
of i.e.m. obtained by the accelerated Zorich algorithm, with associated lengths (Ay(1))gecu-

Iterating formula (1) gives a matrix Z(n) € SL(d, Z) with non-negative entries such that

A(n—1) = Zn)A(n). 2)
We will write, for m < n,

Qm,n) =Z(m+1)---Z(n),

A(m) = Q(m,n)r(n)
and say Q(n) = Q(0, n).

For m < n, T (n) is the first return map of 7 (m) on I (n) = [0, ZaeA Aq(n)); the return
time of Ig(n) in I (n) is Qp(m, n) := Y, Qqup(m, n) and the time spent in I, (m) is Qup(m, n),
where

Ign) =10, 25N+ Y Aa(n).
" @) <15” (B)
Note that
I1(n) = U Is(n).
BeA
The following inequality is not difficult to have

*

miﬂ Ao (n) < < max A4 (n), 3)
aE

Q)| «cA

where ||A] = Zi, ; laij| for a matrix A = (a; ;). The most important virtue of the accelerated
Zorich algorithm is the following.

There exists an integer m(d) > 0 such that for n > m + m(d), one has Qqg(m, n) > 0 for all
o, B e A
Therefore, since Q(n) = Q(m)Q(m, n), we have forn > m + m(d)

i > . 4
min Op(n) max Qp(m) 4)
In [9] it is shown that for almost every i.e.m. the following ‘diophantine condition holds.
(A) for any € > 0 there exist C, > 0 such that for alln > 1 we have
1Zn+ DI < CllQm)*.

By proposition 1.3.1 in [9], if the i.e.m. satisfies condition (A), then for all £ > O there is
C. > Osuch thatforalln > 0

max Aq(n) < Cllom|* min Aq (). &)
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3. The first return time of i.e.m.

Let P, be the partition of I = [0, 1) consisting of
T' (1o (n)), 0<i< Qun).

Note that ZﬁeA Qpm)rg(n) =1 and R;,)(x) = Qq(n), for each x € I,(n).
Let P,(x) be the element of P,, which contains x. Define R, (x) by the first return time to
P,(x),1e R,(x) = RP,,(x)(x)~

Proposition 3.1. We have always, forn > 1,

I,?eiﬂ Qp(n) < R,(x) < 2%13} Op(n +m(d)) +rﬂn€a§ Op(n).

Proof. Let x € Ti(I,(n)) = P,(x) for some « and i with 0 < i < Qq(n). Then
T/ (x) ¢ I(n)forany 0 < j <iand T~/ (x) € I,(n) .
By the construction of P,, we have

Ry(x) =i+ Rp,my(x) =1+ Ripm(x).

Since
T2 (I, (n)) C 1(n),

we have
Ripy(x) = Qq(n) —i.

Hence, we have
Ry (x) 2 Qu(n).

Letx € T/ (Ig(n +m(d))) for some B and j with0 < j < Qp(n+m(d)). Then

T2 (x) € I(n +m(d)).

Since Qy, (n,n +m(d)) > 0, we have that the orbit T'(y), y € I, (n + m(d)) visits I,(n)
before £ < Q, (n +m(d)). Therefore, we have

R,(x) = Rj,my(x) +1i
< Qpn+m(d) —j+ max Q,(n+m(d)) + Qu(n)

< .
< 2%13} Q,g(n+m(d))+rgleaji Qp(n) -

Let W, (x, y) be the hitting time from x to P,(y), i.e.
Wa(x, ¥) = Rp,(p(0) =min{j > 1: T/ (x) € P ().
Proposition 3.2. For any x and y we have the following inequality for all n > 0.
Walx,y) < 2%1661} Qp(n+m(d)) + max Qp(n).
Note that W, (x,y) < iforx = T7/(y),i > 1 and there is no general lower bound for
W, (x, y) as in proposition 3.1.

Proof. Let x € T'(I,(n + m(d))) for some o and i with 0 < i < Qu(n + m(d)) and
y € Tj(Iﬁ(n)) = P,(y) for some B and j with 0 < j < Qg(n).
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By the construction of P, we have
Wa(x, y) < Riymy(x) + j
and
T2 () € I(n +m(d)).

Since Qg, (n,n+m(d)) > 0, we have that the orbit T'y),y € I, (n+m(d)) visits Ig(n)
before £ < Q, (n +m(d)). Therefore, we have

Wa(x, y) < Rp(x) +j
< Qu(n+m(d)) —i+ majl( 0, (n+m(d))+ Qg(n)
ye

<2 +m(d)) + . [l
max Qp(n+m(d)) max Qp(n)
Now we have some lemmas which hold for the i.e.m. with condition (A).

Lemma 3.3. Ifthe i.e.m. satisfies (A), then for any ¢ > O we can find C > 0 such that for any
n = m(d)

CIQEII'™ < min Qp(n).

Proof. If n = m + m(d), for any ¢ > 0 we have

Q@) =) Qpm)Qp, (m, n)

By
< max Qp(m)|Q(m, n)||
<mﬁin Qpm)|Q(m, n)||, by (4),
< mﬂin Qps(m)Cllom)|°, by condition (A). O

Lemma 3.4. If the i.e.m. satisfies condition (A), then we have
IOg |Pn+l(x)| _
n—co log|P,(x)|

and the convergence is uniform.

Proof. For any ¢ > 0 we have
maxgea )»lg(l’l +1) S maxge4 k,g(n +1)
ClQm+DIe ~ CUHEMINZn+ 1)
o )\’[X
maXye g Mg (1) by (2)

by (5)

minig(n+1) >
min B )

T CUHOMFNZ(n + D]+
A
> MaXgeA bo (1) by condition (A)
CiCI 110+
)\‘*
> by (3)

C;Q}” ” Q(n) ” 1+e(2+¢)
and

max Ay (n) < C.[|Q(n)]|* min A, () by (5)
acA aeA

< CLQMm)|~*eax by (3).
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Therefore we have

log [Prs1 ()| _ —log(ming Aq(n + 1))

log|P,(x)] ~  —log(maxg Ay (n))

< (I+e+e))log|lOm)| +1logC. + (1 +¢)log C, — log A*
h (1 —¢)log||Q(n)|| — log C; — log A*

, Q)

1+e(2+¢)

which goes to ==

uniformly as n goes to infinity. ]

Proposition 3.5. For an i.e.m. with condition (A) we have for all x

log R, (x)
m ——— =
n—oo —log | Py (x)]

Proof. By proposition 3.1 and lemma 3.3, if n > m(d), then for any ¢ > 0 we can choose a
constant C > 0 such that

Ry(x) = min Qp(n) > Clom|'*.

Since by (3) and (5)

IQmII*A* A"
= . £
maxg Ay (1) C/ min, Ay (1)

Qm)I™*e >

we have
CAr T
(CLming A (n)) =

_lee e 1=
R,(x) = Clom|'* > > CCL e ) | Py ()| e

Hence, we have for all x
log R, (x)
m —————" =
n—-o0o — 10g |Pn(x)|
By condition (A) for all ¢ > 0 we can choose a constant D such that

19, n+m@)| <N Zn+ DIl -1 Z(n+m@d)| < DIQM)|°.

Therefore we have

max Qpn+m(d) < [[Qn+m@)| < 12| - 1Q(n, n+md)|

I+e G\
<SDIOMIT™ <D\ ——= | (N

maxy Ay (1)
where the last inequality is from the following inequality obtained by (3) and (5)
A* CiA*
< )
1Q(M)||° ming Ay (n) ~ maxy Aq(n)

lom|'~* <

Hence by proposition 3.1 we have

3D(CLA%) W
N

<3D(CIA) T | Py(x)| 75
maxy Ay (n)1-¢

R,(x) < 3m§1x Qp(n+m(d)) <
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Thus, we have for all x
—  logR,(x)
lim ————— <
n—co —log | P, (x)|

Theorem 3.6. For an i.e.m. with condition (A) we have

log 7, ..
lim sup M <1, forallx, lim inf
o+ —logr r—~0t —logr

log 7, (x) S 1 ae x

Proof. Since 1/p,(x)(x) < R,(x), by lemma 3.4 we have for all x
— logt, T — logR,
m 0og 7, (x) _ Im 0g TP, (x) (X) < og R,(x) <
r—0t —logr n—oo —log | P, (x)| n—oo —log|P,(x)|

Choose E, the ‘middle’ part of eachintervalin P, as E,, = {x : [0 P,(x) —x| > niz | P,(x)|}
(see also [5]). Then w(E,) =1 — n% and by the Borel-Cantelli lemma for almost every x
x € E, eventually. If x € E,, then we have

Ry (x) < 11, (o) 1/n2 (X).
By the way Qp(n,n +m(d)) > 0 for all o, 8 implies the exponential decay of | P, (x)]:

1
| Poimay (X)| < gIPn(X)I- (®)
Therefore, we have for almost every x
Jim logz,(x) _ Jim 1og 7 p, (x| /n2 (%)
roor —logr S —log(| Py (x)]/n?)
log R,
> Jim 08 R ) 0

n—oo —l0g [Py (x)]

Note that the almost everywhere sense upper bound of proposition 3.5 holds for general
measure preserving systems. It is well known [6] that for any Lebesgue measure preserving
transformation on interval

log 7,
limsupw <1,

a.e.
v —logr

Now we have the limit theorem for the hitting time problem.

Theorem 3.7. Assume that the i.e.m. satisfies condition (A). Then for any x and y we have

— log W, (x, — 1 (X,
fim o War ) and fim 08Ty
”—’Oo—log|Pn()’)| r—0* —10gl"

Proof. The proof is similar to the upper bound part of proposition 3.5. By proposition 3.2 and
(7) we have
Cir*

I+e

= l—¢ L+e
—_— < 3D(CLAS) ™ | Py ()| 1.
max, /\a(n)) (CA™) ™ | Pu(y)

W,(x,y) < 3m§1x QOpn+m(d)) <3D <

Thus we have for all x and y
— log W, (x,y)
lim ———— <
n—c0 —log | Py (y)l
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If we choose r, = | P,(y)|, then 7, (x, y) < W,(x, y) and by lemma 3.4 we have

— log 7, (x, — logt, (x, — log W, (x,
r—0*  —logr n—oo  —logr, n—oo —log | P, (y)|
It is well known that for any Lebesgue measure preserving transformation on interval

O

(e.g. [4,6])

log 7, (x,
lim M >1, a.e. x.
o+ —logr

Therefore we have the following corollary.

Corollary 3.8. For an i.e.m. with condition (A) we have

. logz.(x,y)
lim ————~ =

1, a.e. x.
r—0* — logr

Remark 3.9. For a fixed y and ¢ > 0, let

Ey={x:W,(x,) <P} =|J TR0
1<i<| P (y)|71+

Then we have

1(Ey) < P, [Pa()] = 1P

Since by (8), | P,(y)| decreases to 0 exponentially, >, u(E,) < oo and by the first Borel-
Cantelli lemma, for almost every x, x € E, finitely many ns, which implies that

log W, (x, y) <

im z1l—e a.e. x.
n—oo —10g [Py (y)]

If we choose x = T~/ (y) fori € N, then W, (x, y) < i for any n and

log Wy, (x, y) . logt(x,y)
m —— = _— = O
n—oo —log|P,(y)| r—0" —logr
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