LINEARIZATION OF GENERALIZED INTERVAL EXCHANGE MAPS
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ABSTRACT. A standard interval exchange map is a one-to-one map of the interval which
is locally a translation except at finitely many singularities. We define for such maps,
in terms of the Rauzy-Veech continuous fraction algorithm, a diophantine arithmetical
condition called restricted Roth type which is almost surely satisfied in parameter space.
Let Tp be a standard interval exchange map of restricted Roth type, and let r be an integer
> 2. We prove that, amongst C"*3 deformations of Tp which are ™3 tangent to T} at
the singularities, those which are conjugated to T by a C” diffeomorphism close to the
identity form a C'! submanifold of codimension (g — 1)(2r + 1) + s. Here, g is the genus
and s is the number of marked points of the translation surface obtained by suspension of
To. Both g and s can be computed from the combinatorics of Tp.
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1.1. Presentation of the main result. Many problems of stability in the theory of dynam-
ical systems face the difficulty of small divisors. The most famous example is probably
given by Kolmogorov-Arnold-Moser theory on the persistence of quasi-periodic solutions
of Hamilton’s equations for quasi-integrable Hamiltonian systems (both finite and infinite-
dimensional, like nonlinear wave equations). This is a very natural situation with many
applications to physics and astronomy. What all these different problems have in common
is roughly speaking what follows: one can associate some “frequencies” to the orbits un-
der investigation and some arithmetical condition is needed to prove their existence and
stability.

The simplest example of quasiperiodic dynamics is given by irrational rotations of the
circle. Poincaré asked under which condition a given homeomorphism of the circle is
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equivalent (in some sense, e.g. topologically or smoothly) to some rotation and proved
that any orientation-preserving homeomorphism of the circle with no periodic orbit is
semi-conjugate to an irrational rotation. Denjoy proved that, when the rotation number
is irrational, adding regularity to a given homeomorphism f (namely requiring f to be
piecewise C'' with D f of bounded variation) is enough to guarantee topological conju-
gacy to a rotation. The step to higher order differentiability for the conjugacy h requires
new techniques and additional hypotheses on the rotation number: a small divisor prob-
lem must be overcome and this was first achieved (in the circle case) by Arnold in [A]: he
proved that if the rotation number verifies a diophantine condition and if the analytic dif-
feomorphism f is close enough to a rotation, then the conjugation is analytic. At the same
time examples of analytic diffeomorphisms, with irrational rotation number, for which the
conjugation is not even absolutely continuous were given. Later Herman ([Hel]) proved
a global result: there exists a full Lebesgue measure set of rotation numbers for which a
C (resp. C*) diffeomorphism is C'* (resp. C“’) conjugated to a rotation. In the finitely
differentiable case one can prove a similar result but the conjugacy is less regular than the
diffeomorphism: this phenomenon of loss of differentiability is typical of small divisors
problems.

The suspension of circle rotations produces linear flows on the two-dimensional torus.
When analyzing the recurrence of rotations or the suspended flows, the modular group
GL (2, Z) is of fundamental importance, providing the renormalization scheme associated
to the continued fraction of the rotation number.

A generalization of the linear flows on the two-dimensional torus is obtained by con-
sidering linear flows on translation surfaces of higher genus (see e.g. [Zol] for a nice
introduction to the subject). By a Poincaré section their dynamics can be reduced to (stan-
dard) interval exchange maps (i.e.m. ), which generalize rotations of the circle.

A (standard) i.e.m. T on an interval I (of finite length) is a one-to-one map which
is locally a translation except at a finite number of discontinuities. Thus 7" is orientation-
preserving and preserves Lebesgue measure. By asking only that 7" is locally an orientation-
preserving homeomorphism one obtains the definition of a generalized i.e.m. Let d be the
number of intervals of continuity of 7. When d = 2, by identifying the endpoints of I,
standard i.e.m.’s correspond to rotations of the circle and generalized i.e.m.’s to homeo-
morphisms of the circle. Standard i.e.m. can be suspended following the construction of
Veech [Vel] to give rise to translation surfaces.

Typical standard i.e.m.’s are minimal ([Keal]) but note that ergodic properties of mini-
mal standard i.e.m.’s can differ substantially from those of circle rotations: they need not be
ergodic ([Kea2], [KeyNew]) but almost every standard i.e.m. (both in the topological sense
[RK] and in the measure-theoretical sense [Ma, Ve2]) is ergodic. Moreover the typical non
rotational standard i.e.m. is weakly mixing [AF].

Rauzy and Veech have defined an algorithm that generalizes the classical continued
fraction algorithm (corresponding to the choice d = 2) and associates to an i.e.m. another
i.e.m. which is its first return map to an appropriate subinterval [Ra, Ve2]. Both Rauzy-
Veech "continued fraction" algorithm and its accelerated version due to Zorich [Zo02] are
ergodic w.r.t. an absolutely continous invariant measure in the space of normalized stan-
dard i.e.m.’s. However in the case of the Rauzy—Veech algorithm the measure has infinite
mass whereas the invariant measure for the Zorich algorithm has finite mass. The ergodic
properties of these renormalisation dynamics in parameter space have been studied in detail
([Ve3],[ Ved], [Zo3], [Zo4], [AvGoYo], [B], [AB], [Y4]).
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The possible combinatorial data for an i.e.m. (standard or generalized) are the vertices
of Rauzy diagrams; the arrows of these diagrams correspond to the possible transitions
under the Rauzy-Veech algorithm.

The Rauzy-Veech algorithm, which makes sense for generalized i.e.m.’s , stops if and
only if the i.e.m. has a connection, i.e. a finite orbit which starts and ends at a discontinuity.
When the i.e.m. has no connection, the algorithm associates to it an infinite path in a Rauzy
diagram that can be viewed as a “rotation number”.

One can characterize the infinite paths associated to standard i.e.m. with no connections
(co—complete paths, see subsection 2.3). One says that a generalized i.e.m. 7' is irrational
if its associated path is co—complete; then 7' is semi—conjugated to any standard i.e.m. with
the same rotation number [Y2].

This generalization of Poincaré’s theorem suggests the following very natural question:
what part of the theory of circle homeomorphisms and diffeomorphisms generalizes to
interval exchange maps ?

All translation surfaces obtained by suspension from standard i.e.m. with a given Rauzy
diagram have the same genus g, and the same number s of marked points; these numbers
are related to the number d of intervals of continuity by the formula d = 2¢g + s — 1.

Regarding Denjoy’s theorem, partial results ((CG], [BHM], [MMY2]) go in the negative
direction, suggesting that topological conjugacy to a standard i.e.m. has positive codimen-
sion in genus g > 2.

A first step in the direction of extending small divisor results beyond the torus case was
achieved by Forni’s important paper ([Forl], see also [For3]) on the cohomological equa-
tion associated to linear flows on surfaces of higher genus. In [MMY 1], we considered the
cohomological equation @ o Ty — ¢ = ¢ for a standard i.e.m. Ty. We found explicitly
in terms of the Rauzy-Veech algorithm a full measure class of standard i.e.m. ( which we
called Roth type i.e.m. ) for which the cohomological equation has bounded solution pro-
vided that the datum ¢ belongs to a finite codimension subspace of the space of functions
having on each continuity interval a continuous derivative with bounded variation. The
improved loss of regularity (w.r.t. [For1]) will be decisive for the proof of our main result.

The cohomological equation is the linearization of the conjugacy equation T'oh = hoTj
for a generalized i.e.m. T close to the standard i.e.m. 7.

We say that a generalized i.e.m. T is a simple deformation of class C" of a standard
iem. Ty if

e T and Tj have the same discontinuities;

e T and Tj coincide in the neighborhood of the endpoints of I and of each disconti-
nuity;

e T'is a C" diffeomorphism on each continuity interval onto its image.

Our main result is a local conjugacy theorem which is stated in full generality in Section
5. For simple deformations the result can be summarized as follows:

Theorem. For almost all standard i.e.m. Ty and for any integer v > 2, amongst the
C"™3 simple deformations of Ty, those which are C"-conjugate to Ty by a diffeomorphism
C" close to the identity form a C* submanifold of codimension d* = (g —1)(2r + 1) + s.

The standard i.e.m. T considered in the theorem are the Roth type i.e.m. for which
the Lyapunov exponents of the KZ-cocycle (see subsection 2.6) are non zero (we call this
restricted Roth type). They still form a full measure set by Forni’s theorem [For2].

The tangent space at Ty to the C'! submanifold of C"*3 simple deformations which are
C"-conjugate to Ty is formed of C"*2 functions ¢ which vanish in a neighborhood of the
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singularities of 7j and can be written as
Y= w © TO - w )

where v is a C" function vanishing at the singularities of 7j.

To extend this result to generalized i.e.m.’s T" of class C" which are not simple defor-
mations of a standard i.e.m. Tj, there are gluing problems of the derivatives of 7' at the
discontinuities. Indeed there is a conjugacy invariant which is an obstruction to lineariza-
tion (see Section 4).

An earlier result is presented in an unpublished manuscript of De La Llave and Gutierrez
[DG], which was recently communicated to us by P. Hubert. They consider standard i.e.m.
with periodic paths for the Rauzy-Veech algorithm (for d = 2, this corresponds to rotations
by a quadratic irrational). They prove that, amongst piecewise analytic generalized i.e.m. ,
the bi-Lipschitz conjugacy class of such a standard i.e.m. contains a submanifold of finite
codimension. They also prove that bi-Lipschitz conjugacy implies C-conjugacy.

The proof of our theorem is based on an adaptation of Herman’s Schwarzian derivative
trick. In [He2] Herman gave simple proofs of local conjugacy theorems for diffeomor-
phisms f of the circle: let w denote the rotation number, assumed to satisfy a diophan-
tine condition |w — p/q| > vg~2~7 for some v > 0, 7 < 1, and let R,, be the corre-
sponding rotation of the circle. Taking Schwarzian derivatives, the conjugacy equation
foh=hoR, becomes (Sh) o R, — Sh = ((Sf) o h)(Dh)?, alinear difference equa-
tion in the Schwarzian derivative Sh of the conjugacy (but the r.h.s. depends also on h).
Given a diffeomorphism &, one computes the r.h.s. ((Sf) o h)(Dh)?, solves the equation
YoR, —1 = ((Sf)oh)(Dh)? and then finds a diffeomorphism & = ®(h) as smooth as h
with Sh = ). Herman now uses the Schauder-Tychonov theorem to find a fixed point of ®
and thus the required conjugacy. He was aware of the possibility of using the contraction
principle (at the cost of one more derivative for f) as we do in our proof. Herman’s method
is presented in more detail in Appendix B.1.

In Section 8 of the paper, we explain how to adapt our result to the setting of perturba-
tions of linear flows on translation surfaces. Indeed we prove the following corollary of
the main theorem (we refer the reader to Section 8 and to Appendix C for the definition of
Roth-type translation surface and of simple deformation of a vertical vectorfield):

Corollary. Given a translation surface of restricted Roth type and any integer v > 2,
amongst the C™3 simple deformations of the vertical vectorfield, those which are C"-
equivalent to it by a diffeomorphism C" close to the identity form a C* submanifold of
codimension d* = (g — 1)(2r + 1) + s.

1.2. Open problems.

1. Prove the theorem for r = 1: for almost all standard i.e.m. Ty, amongst the C*
simple deformations of Ty, those which are C'-conjugate to Ty by a diffeomorphism C!
close to the identity form a C'* submanifold of codimension d* = 3g — 3 + s.

A rationale for this conjecture comes from the following argument. Note that d* is
equal here to (d — 1) + (¢ — 1). The integer d — 1 is the dimension of the space of standard
i.e.m. up to affine conjugacy. In order to have a C'*-conjugacy between a generalized i.e.m.
T and a standard i.e.m. Ty with the same rotation number, a necessary condition is that the
Birkhoff sums of Log DT (equal to LogDT™) are bounded. The integral of Log DT w.r.t.
the unique invariant measure is automatically zero, taking care of the largest exponent of
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the KZ-cocycle; killing the components w.r.t. the remaining g — 1 positive exponents leads
to the expected value of d*.

On the other hand, when the derivatives of the iterates DT™ are allowed to grow expo-
nentially fast, one could expect to have wandering intervals (see [MMY?2]).

This suggests the existence of a dichotomy between being C''-conjugated to a standard
i.e.m. and having wandering intervals: one can therefore ask whether the following is true:

2. For almost all standard Ty, any generalized i.e.m. T of class C* which is a simple
deformation of Ty and is topologically conjugated to Ty is also C*-conjugated to Ty.

The two conjectures above can be formulated in a slightly more general setting (not
restricted to simple deformations) using the conjugacy invariant introduced in Section 4.

3. The local C" conjugacy class of a standard i.e.m. T} (of restricted Roth type) exhib-
ited by our theorem can be considered as a local stable manifold for the renormalization
operator R defined by the Rauzy-Veech induction (with rescaling) on generalized i.e.m.’s
in a suitable functional space. By the standard techniques this local stable manifold extends
to a global stable manifold

W?*(To) = UnzoR™" (Wig,(R"Tp)
which is the full C” conjugacy class of Tj.
Is this stable manifold “properly embedded” in parameter space?
More precisely, given a sequence of diffeomorphisms h,, in Diff" (T) such that h,, — oo,

Is it possible that h, o Ty o h;! — Ty in the C"*3 topology? Is it possible that
hy 0 Ty o h,, ! stays bounded in the C™*3 topology?

In the case d = 2, the answer to both questions is no. For the second question, this is a
consequence of Herman’s global conjugacy theorem for circle diffeomorphisms.

4. Describe the set of generalized C" interval exchange maps which are semi-conjugate
to a given standard i.e.m. Ty (with no connections).

In the circle case, for a diophantine rotation number, one has a C'* submanifold of
codimension 1. In the Liouville case one has still a topological manifold of codimension 1
which is transverse to all 1-parameter strictly increasing families. One can therefore dare
to ask:

(1) Is the above set a topological submanifold of codimension d — 1?
(2) if the answer is positive, does there exist a (smooth) field of "transversal” sub-
spaces of dimension d — 1?

The questions make sense for any 7}, but the answer could depend on the diophantine
properties of Tj.

5. In a generic smooth family of generalized i.e.m.’s, is the rotation number irrational
with positive probability?

In the circle case the answer is affirmative, thanks to Herman’s theorem. This is not
very likely in higher genus.
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6. Letr > 1. Describe exactly (in terms of the Rauzy-Veech renormalization algorithm)
the set of rotation numbers such that the C" conjugacy class of Ty has finite codimension
in the space of C*° generalized i.e.m.’s. Does this set depends on r?

In the circle case, this set is (for any r > 1) the set of diophantine rotation numbers
([Y3],[Hel]). In higher genus, our theorem (in the stronger form stated in Section 5)
guarantees that this set contains the restricted Roth type rotation numbers and therefore
has full measure. It looks like that our methods extend to prove that the unrestricted Roth
type rotation numbers also belong to this set (but the codimension of the C" conjugacy
class of Tj is different). Of course the codimension of the C" conjugacy class will depend
on r but the point here is that we only require the codimension to be finite.

Note that the answer is not known even at the level of the cohomological equation!

A related question is the optimal loss of differentiability, for instance for restricted Roth
type rotation numbers. A careful reading of the proof (and of Appendix A) will convince
the reader that we may consider C"*2+7 (for any 7 > 0) simple deformations of T instead
of C"*3 simple deformations and still get the same conclusion. On the other hand, the
cohomological equation suggests that some form of the result could be true for C"+1+7
simple deformations of Ty (for any 7 > 0). This is certainly true in genus 1. This is
however beyond the reach of our method.

1.3. Summary of the paper. In the next section we introduce standard and generalized in-
terval exchange maps. We recall the definition and the main properties of the Rauzy-Veech
continued fraction algorithm, and explain how it allows to define in a very natural way a
"rotation number" for certain generalized i.e.m.’s. The algorithm generates a dynamical
system in parameter space, equipped with a very important cocycle, the Kontsevich-Zorich
cocycle. The notations and the presentation of this section follow closely the expository
paper [Y1] (see also [Y2],[Y4]).

Section 3 is devoted to the study of the cohomological equation. We introduce a bound-
ary operator on the space of piecewise-continuous functions which vanishes on cobound-
aries and take care of the neutral component of the KZ-cocycle. We review the results
of [MMY 1] (Theorem 3.10), recalling in particular the definition of Roth type i.e.m. We
actually improve on the results of [MMY 1] by showing that under the same assumptions
one can obtain a continuous (instead of bounded) solution. We also reformulate the results
in higher smoothness using the boundary operator.

In Section 4 we introduce, for any integer » > 1, an invariant for C” conjugacy with
values in the conjugacy classes of the group J” of r-jets of orientation-preserving diffeo-
morphisms of (R,0). We show that it is also preserved by the renormalization operator
defined by the Rauzy-Veech algorithm. We explain the relation of this conjugacy invariant
with the boundary operator.

Section 5 contains the precise formulation of our main result (Theorem 5.1): C'! param-
eter families of generalized i.e.m.’s of class C"*3 through a standard i.e.m. Ty of restricted
Roth type are considered. It is assumed that the C"*3-conjugacy invariant vanishes and an
appropriate transversality hypothesis (related to the cohomological equation) is satisfied.
The theorem then states that the local C"-conjugacy class of Tj intersects the family along
a submanifold whose tangent space at 7 is given by the cohomological equation. We also
show how the hypothesis on the conjugacy invariant allows to reduce the proofs to the case
of simple families.

Section 6 contains the proof of Theorem 5.1 when r» > 3; following Herman, we use
Schwartzian derivatives to construct a map whose fixed point is a candidate for the conju-
gating map. In the circle case, this fixed point is always the conjugating map. In the present
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case, some extra equations representing gluing conditions have to be satisfied; these equa-
tions define the local conjugacy class in parameter space.

Section 7 deals with the case = 2 of Theorem 5.1. Indeed, a C? -diffeomorphism does
not have in general a Schwartzian derivative. We need a little improvement of Herman’s
Schwarzian derivative trick. We show how one can effectively use the primitive of the
Schwarzian derivative to construct a contracting map whose fixed point will turn out to be
the conjugacy, under appropriate gluing conditions.

In Section 8 we explain how to adapt our result to the simple deformations of linear
flows on translation surfaces. After a brief introduction to translation surfaces we study the
action of the boundary operator at the level of the surface and we prove that the conjugacy
invariant is trivial for simple deformations of the vertical vectorfield. We then introduce
restricted Roth type translation surfaces and we prove the Corollary stated at the end of
subsection 1.1.

In Appendix A we show that the main result of [MMY1] (in the improved version of
Theorem 3.10) is also valid with data whose first derivatives are Holder continuous instead
of having bounded variation.

Appendix B is devoted to the case of circle diffeomorphisms. In subsection B.1, we
deal with C"-conjugacy, » > 3. Herman’s original result (through Schauder-Tychonov
fixed point theorem) gives a stronger conclusion in this setting; however, the simple variant
based on the fixed point theorem for contracting maps is a better preparation for the more
difficult case of Section 6. In the same way, subsection B.2 introduces the main idea of
Section 7 in a simpler setting.

Finally Appendix C is devoted to the study of Roth-type translation surfaces. Proposi-
tion C.1 gives several equivalent formulations of condition (a) in the definition of a Roth-
type i.e.m. (see subsection 3.3). This is then used in order to prove that the i.e.m.’s obtained
as first return maps on an open bounded segment (in good position) of the vertical flow on
a (restricted) Roth-type translation surface are of (restricted) Roth-type.
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2. BACKGROUND

2.1. Interval exchange maps. Let I be an open bounded interval. A generalized interval
exchange map (g.i.e.m. ) 7T on [ is defined by the following data. Let A be an alphabet
with d > 2 symbols. Consider two partitions mod.0 of I into d open subintervals indexed
by A (the top and bottom partitions):

I=url =ur.

The map 7T is defined on LI’ and its restriction to each I, is an orientation-preserving
homeomorphism onto the corresponding 12.
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The g.i.e.m. T is standard if |I%,| = |I%| for each o € A and the restriction of T to each
It is a translation.

Let r be an integer > 1 or co. The g.i.e.m. T is of class C" if the restriction of 1" to
each I? extends to a C"-diffeomorphism from the closure of I, onto the closure of I°. For
finite r, it is easy to see that the g.i.e.m.’s with fixed A form a Banach manifold.

The points u} < --- < ul,_, separating the I, are called the singularities of T. The
points u? < -+ < ug_l separating the I” are called the singularities of 7~'. We also
write I = (ug, uq), ub = u$ = ug, uly = uf = ug.

The combinatorial data of T is the pair m = (7, 7p) of bijections from A onto {1, ..., d}
such that

I, = (“fr,,(a)—lvuﬁrt(a))v Ig = (u?rb(oz)—hu?rb(a))
for each a € A.
We always assume that the combinatorial data are irreducible: for 1 < k < d, we have

{1, kD) £ L kD)

2.2. The elementary step of the Rauzy—Veech algorithm. A connection is atriple (u
where m is a nonnegative integer, such that

Tm(u?) =aul.

fuf,m),

?

Keane has proved [Keal] that a standard i.e.m. with no connection is minimal.

Let T be a g.i.e.m. with no connection. We have then u271 #+ uZ,l. Set Uy =
max(ufi_l, ug_l), I = (up, Uq), and denote by T the first return map of T in 1. The
return time is 1 or 2. R

One checks that 7" is a g.i.e.m. on I whose combinatorial data 7 are canonically labeled
by the same alphabet A than 7 (cf.[MMY1] p.829). Moreover T has no connection; this
allows to iterate the algorithm.

We say that T is deduced from T by an elementary step of the Rauzy—Veech algorithm.
We say that the step is of top (resp. bottom) type if ul, | < ub_, (resp. u,_; > uf_)).
One then writes T = R () (resp. T = Rp()).

2.3. Rauzy diagrams. A Rauzy class on the alphabet A is a nonempty set of irreducible
combinatorial data which is invariant under R;, R, and minimal with respect to this prop-
erty. A Rauzy diagram is a graph whose vertices are the elements of a Rauzy class and
whose arrows connect a vertex 7 to its images R;(7) and Ry (7). Each vertex is therefore
the origin of two arrows. As Ry, Ry, are invertible, each vertex is also the endpoint of two
arrows.

An arrow connecting 7 to R;(m) (respectively Ry (7)) is said to be of top type (resp.
bottom type). The winner of an arrow of top (resp. bottom) type starting at m = (7, mp)
with 7, () = mp(w) = d is the letter oy (resp. «y) while the loser is oy, (resp. o).

A path v in a Rauzy diagram is complete if each letter in A is the winner of at least one
arrow in y; it is k—complete if +y is the concatenation of k complete paths. An infinite path
is oo—complete if it is the concatenation of infinitely many complete paths.

2.4. The Rauzy-Veech algorithm. Let 7 = T be an i.e.m. with no connection. We
denote by A the alphabet for the combinatorial data 7(®) of T(°) and by D the Rauzy
diagram on A having 7(*) as a vertex.

The i.e.m. T™)), with combinatorial data 7(*), deduced from 7(°) by the elementary step
of the Rauzy—Veech algorithm has also no connection. It is therefore possible to iterate
this elementary step indefinitely and get a sequence 7™ of i.e.m. with combinatorial
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data (™), acting on a decreasing sequence I(™ of intervals and a sequence ~v(n,n+ 1) of
arrows in D from 7" to 7("+1) associated to the successive steps of the algorithm. For
m < n, we also write y(m,n) for the path from 7(") to 7(") made of the concatenation
ofthe y(I,1 +1),m <1 < n.

We write (T) for the infinite path starting from (%) formed by the y(n,n+1), n > 0.
If T is a standard i.e.m. with no connection, then (7') is co-complete (MMY 1] ,p.832).
Conversely, an co-complete path is equal to ~(T") for some standard i.e.m. with no con-
nection. On the other hand, for a generalized i.e.m. T with no connection, the path v(7T') is
not always co-complete.

Definition 2.1. A generalized i.e.m. T is irrational if it has no connection and v(7') is
oo-complete. We then call v(T') the rotation number of T

In the circle case d = 2, the Rauzy diagram has one vertex and two arrows. If the rota-
tion number of a circle homeomorphism 7" has a continued fraction expansion [ag, as, . . .],
the associated oo-complete path takes a; times the first arrow, then ay times the second
arrow, ag times the first arrow, . ...

From the definition, a standard i.e.m. is irrational iff it has no connection. Two stan-
dard i.e.m. with no connection are topologically conjugated iff they have the same rotation
number [Y2]. More generally, if T is an irrational g.i.e.m. with the same rotation number
than a standard i.e.m. T, then there is, as in the circle case, a semiconjugacy from 7" to Tp,
i.e a continuous nondecreasing surjective map h from the interval I of T onto the interval
Iy of Ty such that To o h = h o T (cf.[Y2]).

2.5. Suspension and genus. Let 7" be a standard i.e.m. with combinatorial data 7 =
(¢, m). For a € A let

Ao = I =112, 7o =m(a) —m(a), Co=Aa+iTa.

In the complex plane, draw a top (resp. bottom) polygonal line from ug to ug through
ug + Cﬂ_t—l(l), ug + Cﬂfl(l) + Cﬂ_t—l(Z), ... (resp. ug + Cﬂ_b—l(l), ug + Cﬂ_b—l(l) + Cﬂ_b—l(z), ).
These two polygonal lines bound a polygon. Gluing the (, bottom and top sides of the
polygon produces a translation surface My ([Zo]). The vertices of the polygon form a set
of marked points ¥ on Mp. The cardinality s of 3, the genus g of M7 and the number d
of intervals are related by

d=2g+s—1.

The genus g can be computed directly from the combinatorial data as follows. Define an
antisymmetric matrix Q = Q() by

+1  ifm(a) < m(B8), mp(a) > mp(6),
Qup =1 -1 ifm(a)>n(8), m(a) < mp(B),
0 otherwise.

Then the rank of 2 is 2g. Actually ([Y1],[Y4]), if one identifies R4 with the relative
homology group H;(Mr, X, R) via the basis defined by the sides ¢, of the polygon, the
image of ) coincides with the absolute homology group H; (M7, R). Another way to com-
pute s (and thus g) consists in going around the marked points, as explained in subsection
3.1.
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2.6. The (discrete time) Kontsevich-Zorich cocycle. Let D be a Rauzy diagram on an
alphabet A. To each arrow y of D, we associate the matrix B., € SL(Z")

B, =1+ Eyp,

where « is the loser of 7, 3 is the winner of -y, and F, g is the elementary matrix whose
only nonzero coefficient is in position « 5. For a path v in D made of the successive
arrows v ...y, we associate the product B, = B., ... B,,. It belongs to SL(Z") and
has nonnegative coefficients.

Let T be a g.i.e.m. with no connection, whose combinatorial data is a vertex of D. Let
T be deduced from T by a certain number of steps of the Rauzy-Veech algorithm, and let
7 be the associated path of D. Let I be the space of functions on LII, which are constant
on each I!, and let T be the corresponding subspace for T.Both I and T are canonically
identified with R*. Then B, is the matrix of the following operator S from I' to T : for
x el

Sx(z)= Y x(T'(x))

0<i<r(x)

where z belongs to the domain Tof T and r(x) is the return time of x in I

Let R be the Rauzy class associated to D. Restricted to standard i.e.m. (considered up to
affine conjugacy), the Rauzy-Veech algorithm defines a map () gy on the parameter space
R x P(R™). The operator S define a cocycle over these dynamics called the (extended)
Kontsevich-Zorich cocycle.

3. THE COHOMOLOGICAL EQUATION REVISITED

3.1. The boundary operator. Let T be a generalized i.e.m. on an interval I, [ = UI! =
ul g the associated partitions (mod.0), 7 = (7, 7p) the combinatorial data of T on an
alphabet A. We denote by ,cv, ¢, ap, oy the elements of A such that 7, ( par) = 7 (1) =
]., ’R'b(O[b) = Wt(at) =d.

We denote by A the union of two disjoint copies of A. Elements of A(?) are denoted
by («a, L) or («r, R) and are associated to the left and right endpoints of the intervals I, (or
I%). More precisely, for v € A(?), we denote by u*(v), u®(v) the left endpoints of I, I®
respectively if v = (a, L), and by u‘(v), u®(v) the right endpoints of I?, I® respectively
ifv=(a, R).

Given combinatorial data 7 = (7, 7,), the set A(?) is endowed with a permutation
defined as follows:

ole, R) = (B,L), when a # oy, m(8) = m(a) + 1,
olag, R) = (aw, R),

ola, L) = (B, R), when o # pa, m(8) = mp(a) — 1,
o(pa, L) = (:a,L).

The cycles of ¢ are canonically associated to the marked points of any translation surface
constructed by suspension from an i.e.m. having 7 as combinatorial data. We denote by %
the set of cycles of o, by s the cardinality of . We have d = 2g + s — 1.

Let 7 > 0 be an integer. We denote by C” (LIIY,) the space of functions ¢ on LUI! such
that, for each a € A, the restriction of ¢ to I, fy extends to a C" function on the closure of
It.
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For a function ¢ in CO(UI) and v € A(?), we make a slight abuse of notation by
writing () for the limit of  at the left (resp. right) endpoint of I%, if v = («, L) (resp.
v = (a, R)). We also write ¢(v) = —1if v = (o, L), e(v) = +1if v = (o, R).

Definition 3.1. The boundary operator 0 : C°(UI!)) — R is defined by
@p)e = e(v) p(v),

velC

where C'is any cycle of o. The kernel of the boundary operator is denoted by C9(LIIY,).

Note that
3.1) > (0)e = (pla, R) — p(a, L))
cex acA
When ¢ belongs to C(UIIY), this gives
(3.2) > (09)c = / Dy(x) da.
cex I

The following proposition summarizes the properties of the boundary operator. Recall
that ' C C°(UTY,) is the set of functions which are constant on each I*. We denote by RY
the hyperplane of R* formed by the vectors for which the sum of the coordinates vanishes.

Let M be a translation surface constructed by suspension from a standard i.e.m. T}
having 7 as combinatorial data. Then, we can identify ¥ with the set of marked points
on M, T with the relative homology group H; (M, ¥, R) (the characteristic function of I,
corresponds to oriented parallel sides with label o of the polygon which gives rise to M
after the gluing). It is then clear that the operator 0 restricted to I is indeed the boundary
operator

0: Hi(M,%,R) — Hy(Z,R) = R*.

Proposition 3.2. (1) Fora g.i.e.m. T with combinatorial data 7, and +) € C°(I), one

has O = 0(yp o T)).

(2) The kernel Ty of the restriction of O to T is the image of Q)(r), and the image is
R3.

3) Ti(L)e boundary operator 0 : C°(UI!) — R* is onto.

(4) Let T be a g.i.e.m. with combinatorial data =, and let T, acting on a subinterval
I C I, be obtained from T by one or several steps of the Rauzy-Veech algorithm.
For ¢ € CO(UIL), denote by S € CO(UIL) be the special Birkhoff sums corre-
sponding to the first return in I. Then we have

I(S¢p) = 0p,

where the left-hand side boundary operator is defined using the combinatorial
data 7 of T.

Proof. Lety € C°(I), C € ¥. Forv = (a,R) € C with a # oy, we have u!(v) =
u'(o(v)) with e(v) = —e(o(v)). Therefore (0v)c = €19 (1) — £91(0), where £¢ (resp.
€1) is 1 or 0 depending whether ( ;c, L) (resp. (a4, R)) belongs or not to C.

Similarly, for v = (a, L) € C with a # pa, we have u’(v) = u®(o(v)) with e(v) =
—e(o(v)). Therefore (O(v) o T))e = ejp(1) — e41(0), where &), (resp. &) is 1 or 0
depending whether ( v, L) (resp. («, R)) belongs or not to C.

Aso(pa, L) = (¢a, L) and o(ay, R) = (o, R), we have eg = ¢(, and €1 = €. This
proves (1).
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The restriction of the operator 0 to I" has been described in homological terms just
before the proposition. It follows from this description that the image of I" by 0 is indeed
RY. As the image of Q(r) is identified with the image of the absolute homology group
H,(M,R) in H,(M, X, R), the proof of (2) is complete.

Let ¢*(z) = x; then ) .(0¢*)c = 1. Thus the image of 0 is strictly bigger than
Rg, which proves (3).

To prove (4), it is sufficient to consider the case where T is obtained from T by one step
of the Rauzy-Veech algorithm. We assume that this step is of top type, the case of bottom
type being symmetric. Denote by & the permutation of A(?) defined from the combinatorial
data 7 of T, by o, the element of A such that 7, (/}) = () + 1, by & the element of
A such that 7, (a) = d — 1. We have o(v) = & (v), except for

O'(CVQ,L) = (at»R)v (aQ,L) = (ava)a
o(lag, R) = (ap,R), 0o(yq,R)= (aw,R),
( (o, L) = (a4, R).
Let p € CO(UT!). Forv € A®), we have Spp(v) = ¢(

QR

g Oéb,L) = (&b,R), 5

v) except for

Sp(ay, L) = plap, L) +¢(ug_y),
Se(ap, R) = (Oéb, R) + (o, R),
Selas, R) = ¢(ug_y).
From these formulas, it is easy to see that 9(Sp) = Je. O

Remark 3.3. Let p € CY(UIL) such that p(v) = 0 for all v € A?). Assume also that
there exists ¢ € C'(I) such that ¢ = 1) o T — 1. Then, given such a function 1, there is a
family (1)c)cex such that

P(u'(v)) = Y(u’(v)) = Ye,
forall v € C, all C € X. The function %, hence also the family (1)¢)ces, is only well-
defined up to an additive constant by ¢. We will denote by /() the image in R* /R of the
family (Y¢)ces.

3.2. Continuity of the solutions of the cohomological equation. The main tool in [MMY1]
to obtain bounded solutions of the cohomological equations was the Gottschalk-Hedlund
theorem ([GH], [Hel]).

Theorem 3.4. Let f be a minimal homeomorphism of a compact metric space X, and let
© be a continuous function on X. The following properties are equivalent:
(1) ¢ = o f — 1), for some continuous function v on X;
2) ¢ =1 o f — 1), for some bounded function ) on X;
(3) there exists C > 0 such that the Birkhoff sums of o satisfy | S, ()| < C for all
nes xeX;
(4) there exists C > 0, xg € X such that the Birkhoff sums of o satisfy |Sne(x0)| <
C foralln > 0.

Let T be a (standard) i.e.m. with no connection. Let
Z={T""™(ul), T"(u}); 0<i,j<d, m=>0,n=0}

be the union of the orbits of the singularities of 7" and 7. In the interval I where T is
acting, we split the points of Z into a right and left limits to get a compact metric space 1
(homeomorphic to a Cantor set) on which 7" induces a minimal homeomorphism 7'. Denote
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by p the canonical projection from T onto 1, sothat po T=T op. Let p € CO(UIY); then
$ 1= ¢ o pis continuous on I. Assume that the Birfhoff sums (Sn@)n>0 of ¢ for T are
bounded. Then the same is true for the Birkhoff sums of ¢ for T and we conclude from
Gottschalk Hedlund s theorem that there exists a conunuous function w on I such that

1/1 oT — 1/) For an arbltrary continuous function w on I there is a priori no continuous

functlon 1 on I such that 1/1 = 1 o p. However, we have the following elementary result,
which was not observed in [MMY1].

Proposition 3.5. Let ’(Z)\ be a continuous function on 1. Assume that P = QZ ol — QZ is
induced by a function p € C°(UIL). Then v is induced by a continuous function on 1.

Proof. The continuous function 1])\ on I is induced by a continuous function on I iff, for
every z € Z, the values of z/J on the two p01nts 21, zp of I s1tt1ng over z are equal. For
2 € Z,let §1h(z) := th(2,) — U (z). If z # ul, the values of ) — ¢ o T at z and z, are the
same, hence dv(z) = 09 (T (2)). Therefore, for every 0 <i,j <d, m,n = 0, we have
(T~ ™(ul)) = 6¢p(ul) and 69 (T (u )) = 0(u ) As 1) is continuous on I and every
half orbit {7 (u?); n > 0} or {T"(u Z) < 0} is dense, we must have §)(z) = 0 for
all z € Z, and the conclusion of the proposition follows. (I

Corollary 3.6. Let T be a (standard) i.e.m. with no connection, ¢ € C°(UIL). If the
Birfhoff sums (Sn)n>0 of o for T are bounded, there exists yp € C°(I) such that ¢ =
Yo T —ap.

3.3. Interval exchange maps of Roth Type. We recall the diophantine condition on the
rotation number of an i.e.m. introduced in [MMY1].

Let vy be an oo-complete path in a Rauzy diagram D. Write + as an infinite concatena-
tion

y =) % xy(n) x
of finite complete paths of minimal length. Define then, for n > 0
Z(n) = B’y(n)a B(n) = B'y(l)*-u*'y(n) = Z(’I”L) cee Z(].)

We introduce three conditions.
(a) Forall7 > 0, [|Z(n+ 1)|| = O(||B(n)||7).

(b) There exists § > 0 and a hyperplane I'y C T' = R4 such that
IB(n)ir, || = O(1B)[|'~%).
(©) Define
s ={x el,3r >0, [|Bn)x]| = O(|B()||"7)}

andT{" := B(n)ls forn 0. For k < ¢, denote by B;(k, £) the restriction of B(k, {) :=
By (kt1)%- -2 (2) tO r'" and by B, (k,{) the operator from I‘/ng) to I‘/F(S ) induced by
B(k,¢). We ask that, for all 7 > 0,

1Bk, Oll = 0(IBOI7), (B, (K, )~ = 0(lIB@)[|7) -

Remark 3.7. (1) The definition of Z(n) is slightly different from the definition in
[MMY 1], but an elementary computation shows that condition (a) with the present
definition is equivalent to condition (a) with the definition of [MMY1].
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(2) Condition (b) is formulated in a slightly different way than in [MMY], in order
to depend only on the rotation number and not of the length data. But actually
condition (b) implies that there exists exactly one normalized standard i.e.m. T’
with rotation number +, that 7" is uniquely ergodic, and that the hyperplane I'g of
condition (b) must be formed on functions in I with mean 0 on .

(3) For any combinatorial data, the set of length data for which the associated i.e.m.
has a rotation number satisfying (a), (b), (c) has full measure. For (c), this is an
immediate consequence of Oseledets theorem. For (b), it is a consequence from
the fact that the larger Lyapunov of the KZ-cocycle is simple (Veech). For (a), a
proof is provided in [MMY 1], but much better diophantine estimates were later
obtained in [AGY].

(4) It follows from Forni’s theorem [For2] on the hyperbolicity of the KZ-cocycle that,
for almost all rotation numbers, one has dimI'y = g.

Definition 3.8. A rotation number + (or a standard i.e.m. T" having - as rotation number)
is of Roth type if the three conditions (a), (b), (c) are satisfied. It is of restricted Roth type
if moreover one has dimI'y = g.

Remark 3.9. Let T be a standard i.e.m. of restricted Roth type. Then ' is exactly equal
to the subspace I'r C I' of functions ¥ € I' which can be written as ¢ o T' — ), for
some 1) € CO(I). Indeed, we have I'; C 't from [Zo2] or [MMY1]. On the other
hand, T'r is contained in the subspace I'¥ C T of functions which go to 0 under the KZ-
cocycle. As the KZ-cocycle acts trivially on I'/T'g, T'* is contained in 'y and is actually an
isotropic subspace of this symplectic space. As I'y C I' and dim Ty, = ¢, we must have
I'p=Ts=T%

Let T" be a standard i.e.m. of restricted Roth type. Choose a g-dimensional subspace
I'yn C Tgsuchthat 'y = I'y & I',. We recall the main result of [MMY1], in the form
that is convenient for our purpose. We denote by C1*5Y (LiI!) the space of functions
¢ € CH(UI!) such that D¢ is a function of bounded variation. We write

|Dplpy =Y _Var Do, lelliysy =ll¢llo + [[D¢llo + | Delsv-
We denote by C3 T2V (UIY) the intersection of C**+BY (UIY,) with the kernel of the bound-
ary operator 0.

Theorem 3.10. Ler T' be a standard i.e.m. of restricted Roth type. There exist bounded
linear operators Ly : ¢ +— 1 from C’é""BV(I_IIfX) to CO(I) and Ly : ¢ + X from
CHPBY(UIL) to T, such that, for all ¢ € CyTBY (UIY), we have

p=x+tyoT =1,

Remark 3.11. In [MMY1], the result was formulated in the following weaker way: for
every ¢ € C'TBYV(UIL) with [, Do(z)dx = 0, there exists x € I' and a bounded
function ¢ on I such that ¢ = x + ¢ o T — 1. To obtain the present stronger form, we
observe that
e by Proposition 3.5 or Corollary 3.6, the solution 1) is automatically continuous on
I;
e the condition | ; Dy(x) dx = 0 means that we ask that the sum of the components
of dyp is 0. In view of Proposition 3.2, part (2), it is then possible to substract
X € I'in order to have 9(p — x) = 0. However, in view of Proposition 3.2, part
(1), it is more natural to start with ¢ € C' é+B V(UIL). Then, the correction y must
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belong to I'y. As I'y = I'r from Remark 3.8, there is a unique way to find the
correction y € I',, in order to have ¢ — x = 1) o T — ) for some 1 € C°(T).

o That the operator ¢ — 1 (and consequently also the operator ¢ + ) is bounded
follows from the proof in [MMY1]. One shows that , for some y € T', the Birkhoff
sums of ¢ — x satisfy

[1Sn (e = X)llo < Cllgllirsy
and then Gottschalk-Hedlund’s theorem imply that ||¢||o0 < C'||¢||1+BV-

In Appendix A, we show that it is possible to deal in the same way with functions ¢ €
CF7(ull), forany 7 > 0.

3.4. The cohomological equation in higher smoothness. This subsection is a slight
modification of the corresponding subsection in [MMY1], taking the boundary operator
into account. We assume that 7" is a standard i.e.m. with no connection.

For r > 1 we denote by I'(r) the set of functions y € C°°(UI,) such that the restriction
of x to each I, is a polynomial of degree < 7, by I's(r) the subspace of functions y €
I'(r) which satisfy 9D’y = 0 for all 0 < i < r, by I'r(r) the subspace of functions
X € I'(r) which can be written as 1 o T' — 1 for some ¢» € C"~*(I). We observe that for
€ C"7(I), we have D (1) o T —vp) = 0 forall 0 < i < 7, hence yr(r) C Ty(r).
Proposition 3.12. One has

dimI'(r) =rd, dimTs(r)= (29— 1)r+1, diml'r(r)=diml'r+r—1.
Proof. The first assertion is obvious. For r > 1, the derivation operator D sends I'(r + 1)
into I'(r), T'p(r + 1) into T (r), Ty(r + 1) into Tp(r).

Let xy € I'p(r). Write x = 1 o T — ¢ with ¢» € C"~1(I). Let ¢y € C"(I) a primitive
of ¢ and x1 := 91 o T — 1. Then x; belongs to I'r(r + 1) and Dx; = x. Therefore
D :Tr(r+1) — I'p(r) is onto. If x; € I'p(r + 1) satisfies Dx; = 0, we write
X1 = Y1 0T — 1)y withp; € C"(I). Then ¢ := D1}, is continuous and T-invariant, hence
constant (as T is minimal), which implies that ¢; € RJ. Conversely, RJ is contained in
the kernel of D : T'r(r + 1) — I'p(r), hence equal to this kernel. We conclude that
dimTr(r) = dimTr +r — 1.

Let x € Ty(r). Let x1 € T'(r + 1) with Dx; = x. We have x; € Ty(r + 1) iff
dx1 = 0. The sum of the components of dx; is equal to [, x(z) dz, hence [, x(x)dx =0
is a necessary condition for x to be in the image by D of I's(r + 1). On the other hand,
the condition is also sufficient by Proposition 3.2, part (2). Also by Proposition 3.2, part
(2), the kernel of D in T'y(r) is I's = ImQ(7) which is of dimension 2g. We conclude by
induction on r that dimTy(r) = (29 — 1)r + 1. O

We define C™+BY (UI!) as the space of functions ¢ € C7(LI!) such that D"¢ is of
bounded variation. We endow this space with its natural norm. We denote by C'5 2" (UI%,)
the subspace of p € C™ BV (UI!) such that 9D’y = 0 forall 0 < i < 7.

Theorem 3.13. There exists a bounded operator 11 : Cg+BV(LIIg) — Ts(r)/Tp(r),
extending the canonical projection from Ty(r) to To(r)/Tr(r), and a bounded operator
© + 1 from the kernel of 1 to C™~1(I) such that, if p € Cg"'BV(UIé) satisfies () = 0,
then we have
o=l —1.

In other terms, if we choose a subspace I',,(r) C T's(r) such that Ty(r) = T'p(r) @
T, (r) and identify the quotient T's(r) /T'r (1) with T, (r), we can write any ¢ € Ct PV (UI)
as p =I(p) + 1o T — 1, withyp € C"~1(T).
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Proof. The proof is by induction on r, the case 7 = 1 being the theorem above. Assume
that » > 1 and the result is true for r — 1. Let ¢ € C5TBY(UI4). According to the
induction hypothesis, we can write

Do =x1+v10T -y,

where x1 € Tp(r —1) and ¢p; € C"~2(I). Lety € C"~'(I) a primitive of 1;. Then there
exists a primitive x of 1 such that

p=x+YoT —1.

As ¢ = 0, we must also have 9x = 0 and thus x belongs to T's(r). This completes the
proof of the induction step. O

4. A CONJUGACY INVARIANT

4.1. Definition of the invariant. Let r be an integer > 1 or co. We denote by J” the
group of r-jets at O of orientation preserving diffeomorphisms of R fixing 0.

Let m = (¢, 7p) an element of a Rauzy class R on an alphabet A, and let T be a
generalized i.e.m. of class C" with combinatorial data 7. For each v € A(), we define an
element j(T,v) € J" as the r-jet at 0 of

z— T(ut(v) + ) — ub(v),

where z varies in an interval of the form (0, z¢) when v = («, L), (—z0,0) when v =
(a, R), and the r-jet at 0 exists by definition of a generalized i.e.m. of class C".

For each cycle C of o, we choose an element vy € C and we write C = {vg,v; =
o(vg), -+, v, }. We then define

J(T,C) = j(T,v0)*V) (T, v1)s ) o (T, 0,)50) e J7,

where, as in subsection 3.1, we have e(v) = —1ifv = (o, L), e(v) = +1if v = (o, R).

Definition 4.1. The invariant J(7') of T is the family, parametrized by the cycles C € ¥
of o, of the conjugacy classes in J" of the J(T, C).

It is clear that the conjugacy class of J(7T,C') does not depend on the choice of the
element vy € C.

When d = 2, the invariant J(T") is the obstruction for T" to be C"-conjugated to a
C"-diffeomorphism of the circle.

4.2. Conjugacy classes in J". The classification of elements in J°° up to conjugacy is
well-known and a simple exercise. The classification in J" for finite 7 is an obvious con-
sequence, truncating to order r the Taylor developments. It is not used in the rest of the
paper.

Let 7 be an element of J°. If j is distinct from the neutral element of J°, its contact
with the identity is an integer & > 1.

If £ = 1, i.e the linear part of j is distinct from the identity, then j is conjugate to its
linear part.

If £ > 1, there exists in the conjugacy class of j a unique element of the form x
x £ 2% + az? 1 (a € R).
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4.3. Invariance under conjugacy. Let r be an integer > 1 or co. Let 7 = (m,7p) an
element of a Rauzy class R on an alphabet A, and let 7" be a generalized i.e.m. of class C”
with combinatorial data 7.

Let i be a C” orientation preserving diffeomorphism from the interval I = (ug, uq) for
T to some other open bounded interval I = (up, uq), which extends to a C” diffeomor-
phism from the closure of I to the closure of 1.

LetT = hoT o h~1, acting on 1.

Proposition 4.2. The invariants of T' and T are the same.

Proof. For xq in the closure of I, let j(h, zg) be the r-jet at 0 of x — h(xo + x) — h(xo).
For v € A®?), we have

J(T ) = §(hu? (0)F(T,0)j(h, u' (W)~
Writing (T, v)5(") = j(h, 24 (0))5(T, v)*@ j(h,z_(v))~", we check that for all v €
A®) we have z_ (v) = 24 (0(v)):

ifv=(a,R), a # ay, thenz_(v) =
ifv=(a,L),a # pa,thenz_(v) =
ifv = (as, R), then z_(v) = 24 (c(v)) = 1;
ifv=(pa,L),thenz_(v) =z (0(v)) =

We obtain therefore, for C' € X, v as in the definition of J(T, C)

J(T,C) = j(h, 21 (v0)) J(T, C)j(h, 2+ (v9)) "

The proof of the proposition is complete. (]

4.4. Invariance under renormalization. Let r be an integer > 1 or co. Let 7 = (¢, 7p)
an element of a Rauzy class R on an alphabet A, and let T" be a generalized i.e.m. of class
C" with combinatorial data 7.

We assume that u},_; # ug_l, so we can perform one step of the Rauzy-Veech algo-

rithm to obtain a generalized i.e.m. T, which is also of class C". We denote by 7 the
combinatorial data for 7. As in Proposition 3.2, part (4), the set of cycles of the permuta-
tion & of A(?) induced by 7 is naturally identified with .

Proposition 4.3. The invariants of T and T are the same.

Proof. We assume that the step of the Rauzy-Veech algorithm from T to T is of top
type, the case of bottom type being symmetric. Denote by «; the element of A such
that 7, (a}) = mp(a) + 1, by &y the element of A such that 7, (a) = d — 1. We have
o(v) = o(v), except for

(O‘t’ ) (O‘hR)v &(O{;,L) = (ava)’

at7R) (Oéb,R), 5(at7R) = (&b7R)7

(aba ) (abaR)7 5(0[1;,[/) = (Cth).

(

On the other hand, we have j T, v) = j(T,v) except for

j(Tv (ataR)) = ]*
(T, (w, L)) = (T, (e, L)),
j(fv (O‘baR)) = j(Tv ataR))j(Ta (ava)) )
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where j* is the 7-jet of T" at u/, ;. Thus, we have

J(T, (e, L) 4(T, (@4, R)) = §(T, (e, L)~

In view of the formulas for o, we obtain the cancellations that prove the proposition.  [J

4.5. Relation with the boundary operator. Let r be an integer > 1 or co. Let m =
(¢, mp) an element of a Rauzy class R on an alphabet A, let T be a standard i.e.m. with
combinatorial data 7, and let (7})¢c|—y,,,) be a family of g.i.e.m.’s of class C" through Tp
with the same combinatorial data 7.

We assume that that ¢ — T; is of class C' in the following sense: denote by uf (t) <
... < ul_,(t) the singularities of T}, by u%(t) < ... < u¥_,(t) those of T, !; then the
functions t — ul(t),t — u?(t) are of class C''; moreover, for each o« € A, each 0 < i < r,
the partial derivative 9;0% T} () should be defined on {(¢,); t € [—to,to], z € I'(t)}
and extend to a continuous function on the closure of this set (i.e including the endpoints
of I (t)).

The function p(z) := T (z) is then an element of C" (LII},).

d
dt [t=0
Proposition 4.4. (1) One has 8¢ = 0. Conversely, for any ¢ € C4(UIL), there exists

a C*-family of g.i.e.m.’s of class C" such that ¢ = %lt:OTt.

(2) Assume that, for some 1 < k < r, the conjugacy invariant of Ty in J* is trivial for
all t € [~tg,to]. Then one has D¢ = 0 forall 1 < { < k.
Proof. (1) For v € A®), let du'(v) = g, _ou'(v.t),0u"(v) = & u’(v,1).
Differentiating at t = 0 the relation T} (u'(v,t)) = u’(v,t) gives du'(v) +
o(ut(v)) = du®(v), from which dp = 0 follows easily.

Conversely, for ¢ € Cj(LI},), one can choose the uf (t), u5(t) such that §u’ (v)+

@(ut(v)) = sub(v). Then it is easy to complete the construction to get a family
(T;) with the required property.
(2) Writing the k-jet of a germ of C"-diffeomorphism f of (R, 0) as (D f(0),--- , D* £(0)),

we have, for v € A
d .
) = (D) Dl ()

As the product close to the identity in any Lie group (like J*) is commutative up
to second order terms, the assertion of the proposition follows.
]

Remark 4.5. The conjugacy invariant in J! (which is commutative) can be defined directly
from the boundary operator: identifying J* with R by associating to a germ f the logarithm
of its derivative at 0, we have indeed that the invariant in J! of a gi.em. T of class C Lis
dlog DT, where log DT is considered as a function in C'(UI?).

Remark 4.6. For an affine i.e.m. T, the invariant in J* coincides with the invariant in J?.
The function log DT belongs to T, and the invariant takes its values in Ry .

5. THE MAIN THEOREM: STATEMENT AND REDUCTION TO THE SIMPLE CASE

5.1. The setting. Let m = (7, 7p) an element of a Rauzy class R on an alphabet A, and
let T be a standard i.e.m. of restricted Roth type with combinatorial data 7.

We fix an integer r > 2. We will consider a smooth family (7}) through T} of general-
ized i.e.m. , acting on the same interval I = (ug, uq). Our main theorem will describe the
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set of parameters for which 7} is conjugated to T by a C"-diffeomorphism of the closure
of I which is C"-close to the identity.

We set

d*=02r+1)(g—1)+s.
Let £ be an integer > 0. The parameter ¢ runs in a neighborhood V' := [—t, to]“*?" of 0
in R4, We write t = (/") with t' € [—to,to] and t” € [—to, 0] . We also assume
that

e Each T; is a generalized i.e.m. (with the same combinatorial data than 7j) of class
Cr+3 .

e The map ¢ + Tj is of class C" in the following sense. Denote by ul(t) < ... <
ul,_, (t) the singularities of T}, by u}(¢) < ... < uf_,(t) those of T; . Then the
functions ¢ — u(t), t — u5(t) are of class C*. Moreover, for each o € A, each
0<i<r+3,eachl <i<{+d*, the partial derivative d;, 0.T;(z) should be
defined on {(¢,z); t € V, x € I,(¢) } and extend to a continuous function on the
closure of this set (i.e including the endpoints of IY (t)).

As we look for g.i.e.m.’s which are C'*-conjugated to standard i.e.m. , it is certainly
natural and necessary to assume that the conjugacy invariant in J" of 7T} is trivial for all
t € V. We will actually need the stronger assumption

e Forall t € V, the conjugacy invariant of T} in J"*2 is trivial.

Consider the derivative with respect to ¢ of T} att = 0. It can be viewed as a linear map
AT from R4 to C7+3(UI!) (where we write I% instead of I’,(0)). Because the J, 3
invariant is trivial for all £ € V, it follows from Proposition 4.4 that any function ¢ in the
image of AT satisfies

oD =0, VO<L<r+3.

In particular, the image of AT is contained in the space C5™' 5V (UI!) of subsec-
tion 3.4 and we can compose AT with the operator IT : C5TFBY(LTL) — To(r +
1)/Tr(r + 1) of Theorem 3.13 to obtain a map AT : Rt — Ty(r 4 1)/Tr(r + 1).
Observe that, according to Proposition 3.12, the dimension of T's(r + 1)/T'r(r + 1) is
g+r(29 —2) =d* — s+ 1. We will make the following transversality assumption:

e (Trl) The restriction of AT to {0} x R% is an homomorphism onto I's(r +
1)/Tr(r+1).

After a linear change of variables in parameter space, we can and will also assume that
R* x {0} is contained in the kernel of AT

When s = 1, d* is equal to the dimension of I'p(r + 1)/T'z(r + 1); then (Tr1) means
that the restriction of AT to {0} x R?" is an isomorphism onto I's(r + 1) /T'z(r + 1).

When s > 1, we will ask for one more tranversality condition. Let t € KerAT, ¢ :=
AT(t) € C™H3(UIL) N CHHHBY(UTL). The image TI(p) in Ta(r + 1)/Tr(r + 1) is
equal to 0. On the other hand, let ¥ € C"3(T) a function such that {(0) = ¢(1) =
0, and (ul) = Lub(rt)j,—p, (ul) = Lub(rt),—y for all 0 < i,j < d. Then
1= o+ 10— ¥ o T satisfies (1) = 0 and ¢, (v) = 0 for all v € AP, Writing
w1 = 1 o Ty — 11 and considering the values of 1, on the cycles of o, we define as in
Remark 3.3 an element v(¢;) € R*/R. It is obvious that this vector only depends on ¢
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(not on the choice of ) and we denote it by 7(t). We ask that

e (Tr2) The restriction of 7 to the intersection of the kernel of AT with {0} x R
is an isomorphism onto R* /R.

After a linear change of variables in parameter space, we can and will assume that R x {0}
is equal to the kernel of 7.

5.2. Statement of the Theorem. Under the hypotheses of the last subsection, we have

Theorem 5.1. There exists t| < to and a neighborhood W of the identity in Dift" (I) with
the following properties:
(1) for every t' € [—t1,t1]’, there exists a unique t"" =: 0(t') € [—t1,t,]* and a
unique h =: hy € W such that, with t = (', ")

T,=hoTyoh

(2) the maps t' — t"" = 0(t') and t' — hy are of class C1; moreover 0(0) = 0 and
DQ‘t/:O = 0

The theorem thus states that, amongst C"+3 g.i.e.m.’s close to Ty with trivial conjugacy
invariant in J"*3, those which are conjugated to Ty by a C" diffeomorphism close to the
identity form a C'' submanifold of codimension d* = (g — 1)(2r + 1) + s. The theorem
also describes the tangent space to this submanifold at 7}, in terms of the cohomological
equation.

As we look for a C"-conjugacy to a standard i.e.m. , it is natural to restrict our attention
to generalized i.e.m.’s with trivial C"-conjugacy invariant in J”. It is unclear whether
it is necessary to assume, as we do, that the C"*3 conjugacy invariant is trivial. In the
circle case (d = 2), a linearization theorem still holds if one only assumes that the C"+1-
conjugacy invariant is trivial; the situation is unclear when only the C'"-conjugacy invariant
is assumed to be trivial.

5.3. Simple families.

Definition 5.2. We say that a family (7}) as above is simple if uf(t) is, forall 0 < i < d,
independent of ¢, and if, for all &« € A and all ¢, T} coincides with Tj in the neighborhood
of each endpoint of ! .

The aim of this section is to show the

Proposition 5.3. There exists t < to and a C' family (Et)te[_t‘z’tQ]l«#d* in Diff™3(T)

such that the family (ﬁ) = (E; LoT,o ﬁt) is simple and still satisfies the hypotheses of
the last section.

Proof. Write u, u} forAuﬁ(O), u5(0). A ﬁArst step is to choose a C'* family (?Lt)te[_tz,tz]ud*
in Diff*(T) such that A, (uf) = ul(t), hy(u}) = ub(t) forall t € [—to, to]+ . This is
t b

i»u; are all distinct (as Ty has

no connection). Then, for the family (7}) := (h; * o T} o k), we have that the u‘(t) and
u5(t) are independent of ¢.

Next, for v € A®), t € [—ta, 5], we introduce the (r + 3) -jet j(T}, v) of Subsec-
tion 4.1. For every cycle C' = {uvg, ..., vx} of o, every t € [—ty, 5], we have

J(T,, C) = §(Ty,v0)* ™) . j(Th,v0) ) = 1.

possible, after taking to < to sufficiently small, since the u
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We look now for a C* family (hy),e(—y, 4,42+ in Diff"*3(T) such that:
b
u

(1) hy(uf) = ul, hy(ub) =ub forallt e [—to, to]F 7,0 < i,j < d;

@) T, o hi(ut(v) + x) = hy(ub(v) + ), for all v € A of the form (o, L), , x > 0
small enough;

(3) Ty o hy(uf(v) — ) = hy(ub(v) — z), for all v € A® of the form (v, R), z > 0
small enough.

These conditions obviously imply that T, :=hy LoT,ohyis simple (and still satisfies the

hypotheses of the last subsection). It is possible to solve (1)-(3) for h; € Diff”?’(f), since

(2) and (3) connect values of h; on different small intervals bounded by the singularities.

Compatibility conditions then occur on the product of r-jets along cycles of o; they are

fulfilled as soon as the conjugacy invariant is trivial. (]

According to Proposition 5.3, it is sufficient to prove Theorem 5.1 for simple families.
This will be done in the next section for » > 3, and in Section 7 for r = 2.

6. PROOF: C"-CONJUGACY, r > 3

In this section, we assume that » > 3 and will prove the theorem in this case. The case
r = 2 will be dealt with in the next section. Let therefore (7}) be a C! family of C"*+3
g.i.e.m.’s satisfying the hypotheses of subsection 5.1. According to Proposition 5.3, we
can and will also assume that the family is simple.

Recall that the Schwarzian derivative of a C* orientation preserving diffeomorphism f
is defined by

Sf:= D*LogDf — %(DLong)Q .

The composition rule for Schwarzian derivatives is

S(fog)=Sfog(Dg)’>+Sg.

6.1. Smoothness of the composition map. The tangent space at id to Diff" (I) is the
space Cg (1) of C"-functions on I vanishing at uo and u.
Lemma 6.1. The composition map
C"(I) x Diff" (1) — C"1(I)
(o, h) = poh

is of class C'. Its differential at (0, id) is the map (5, 6h) — d¢p from C"(I) x Cf o(I)
to C"1(I).

The map (¢, h) — @oh valued in C (1) is only continuous. It becomes C'! when seen
as taking its values in C"~1(I). The formula for the derivative at (0, id) is elementary.

We denote by C¥,(UI!,) the space of functions ¢ € C*(UIL) which vanish in the
neighborhood of the endpoints of each I’. Obviously, a map ¢ € C(’fomp(l_ll ) satisfies
OD'o =0for0 < ¢ < k.

Lemma 6.2. The map
D : [—to, to] T x Diff"(T) — €7 L (UIY)

comp

(t,h) — ST; o h(Dh)?
is of class C. Its differential at (0,id) is the map (6t, 5h) — D38 from R+ x Cio(I)
to Cr L (UIL), with 6o = AT(5t).

comp
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Proof. From the formula above for ST}, the derivative of ¢t — ST, att = 0 is 6t +—
D3AT(6t). The Lemma then follows from Lemma 6.1 and an elementary computation.
O

6.2. The cohomological equation. We fix in the following a subspace I',, in Ts(r — 2)
such that

Lo(r—2)=Tr(r-2)0T, ®R1.
According to Proposition 3.12, we have
dimT,, = (2r —5)(g — 1).

From Theorem 3.13, there exist bounded linear operators Ly : C5 ' (UIL) — Cf~3(I),
Ly Cy~ Y (UIt) — Ty, such that, for p € C;~ ' (UIE), we have

o= / (@)dz + L1 () + Lo() o To — Lo(e) .
I

Here, C ~3(I) is the space of C"~? functions on I which vanish at u.
Lemma 6.3. The map
U [—to, to] Y x Diff"(T) — C;—3(T)
(t,h) = Lo(®(t, h))
is of class C. Its differential at (0,id) is the map (5t,0h) — Lo(D36y) from R x
Ch o) to C3(I) , with 5 = AT(dt).
Proof. Indeed, Ly is linear and the derivative of ® has been computed in Lemma 6.2. [

6.3. Relation between a diffeomorphism and its Schwarzian derivative. The next three
lemmas present the Schwarzian derivative operator as a composition of a first-order quasi-
linear operator with a second-order non-linear differential operator which is sometimes
called the nonlinearity operator.

Lemma 6.4. The map
N : Diff"(I) — C"%(T)
h — DLogDh
is a C*-diffeomorphism. lts differential at id € Diff" (I) is the map 6h — D?*Sh from
Cio(T) 10 C™=2(T).

Proof. That N is a C'>° map and the formula for its differential at id is elementary. Given
N € C"=2(I),let Ny € C"~1(I) be the primitive of N such that the mean value over I of
exp(N7) is 1. Define then

h(z) / exp(INy ())dt .

0
It is clear that b € Diff" (1), that it is the only element of Diff" (1) such that N(h) = N
and that N — his C°. O

Lemma 6.5. The map
Q:C" (1) — C;3(T) x R?

N+ (¢p = DN — %N2 — ¢, ¢o = DN (ug) — %N%uo),cl = N(ug))
is of class C'°. Its differential at 0 is given by
5w = D6N — 5007 (500 = D5N(U0), 561 = 5N(U0) s



24 S. MARMI, P. MOUSSA, AND J.-C. YOCCOZ

which is an isomorphism from C"~2(I) onto C} _3(72 x R2. Therefore, the restriction
of Q to an appropriate neighborhood of 0 € C™2(1) is a C*'-diffeomorphism onto a
neighborhood of (0,0,0) € C () x R

Proof. The first two statements are obtained by elementary computation. The last one is a

consequence of the inverse function theorem in Banach spaces. t

Lemma 6.6. The map
8 :=QoN: Diff"(T) — C5*(I) x R?

h+— (¢, Co, Cl) = (Sh — Sh(uo), Sh(UO),DLOgD]’L(Uo))

is of class C™, and its restriction to an appropriate neighborhood of id € Diff" (I) is a
C°-diffeomorphism onto a neighborhood of (0,0,0) € C’OT_?’(T) x R2. The differential of
S at id € Diff"(I) is the isomorphism 6h — (D36h — D36h(ug), D36h(ug), D25h(uo))
from C§ o(I) to C5 2 (T) x R2

Proof. This is a direct consequence of the last two lemmas. (]
We denote by Wy, W) neighborhoods of id in Diff" () and of (0,0, 0) in Cf > (T) x R?

respectively such that § defines a C'*°-diffeomorphism from W, onto W;. We denote by
P : W1 — W the inverse diffeomorphism, and by P the differential of P at (0, 0, 0).

6.4. The fixed point theorem.
Lemma 6.7. The map
(t, h, Co, Cl) — T(\IJ(t, h), Co, Cl)

is defined and of class C"* in a neighborhood of (0,id, 0,0) in [—tg, to)t% x Diff"(T) x
R2, with values in Wy. Its differential at (0,id,0,0) is the map (5t,5h,dcy,dc1)
P(Lo(D33¢), 6co, dc1), with 6o = AT(6t), from R x CioI) x R* 10 Cf (1.

Proof. This is a consequence of lemmas 6.3 and 6.6. (]

Lemma 6.8. There exist an open neighborhood Wy of id € Diff” (I) and an open neigh-
borhood W3 of (0,0,0) € [—to,to]*T* x R2 such that, for each (t,cq,c1) € Ws, the
map

h— 9)(\I/(t7 h), Co, Cl)

has exactly one fixed point in W, that we denote by H(t,co,c1). Moreover, the map
H is of class C' on W3, and its differential at (0,0,0) is the map (6t,dco,dc1) >
P(Lo(D35¢), dcg, 5cr), with 5 = AT(5t), from R4 x R? 10 Cf (1)

Proof. This is a consequence of the implicit function theorem applied to the fixed point
equation P(U (¢, h),co, c1) = h. O

Let (t,co,¢1) € W3, h = H(t, co, c1). Then h satisfies
1
®(t,h) = ST, o h(Dh)? = L1 (®(t, h)) +/ O(t,h)(x) dw + ShoTy— Sh.
0

For (t, co, c1) € W3, we write H := TtOhOTO_l. We have H = hiff T, = hoTyoh™ 1.
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6.5. Conditions for H to be a diffeomorphism.

Lemma 6.9. For (t,co,c1) € Ws, the following are equivalent
(1) h(ut) = ul forall0 < i < d;
(2) H is an homeomorphism of I satisfying H(u?) = ug Sforall 0 < j < d.

Proof. The map H is 1-to-1 (mod. 0), fixes uy and uy4 and is continuous except perhaps
at the u?, 0 < j < d. Looking at the left and right limits of H at these points gives the
lemma. O

When the equivalent conditions of the lemma are satisfied, H is in fact a piecewise C”

diffeomorphism of I, with possibly discontinuities of the derivatives of order < 2 at the

b
Uj.

Lemma 6.10. Let (t,co,c1) € W3 such that the Equivalent conditions of the last Lemma
are satisfied. Then H is a C?-diffeomorphism of I iff one has, for all v = (a, L) € AR
with o #

LogDh(u'(v)) = LogDh(u'(c(v))), DLogDh(u'(v)) = DLogDh(u'(c(v))) .

Proof. Indeed these relations express that the left and right limits of the first two derivatives
of H at the ug’» are the same. (]

Remark 6.11. When v = (a, R), @ # oy, one has u!(v) = u'(o(v)), hence
LogDh(u'(v)) = LogDh(u'(c(v))), DLogDh(u'(v)) = DLogDh(u'(c(v))) ,
is always true.

Lemma 6.12. Let (t,co,c1) € Ws such that the equivalent conditions of the last two
Lemmas are satisfied. Assume also that L1(®(t,3(t,co,c1))) = 0. Then H is a C"-
diffeomorphism of I.

Proof. We have to prove that the derivative of order 3 + k of H is continuous at each ug’
forall0 < k < r —3,0 < j < d. This is equivalent to show that, forall 0 < k < r — 3,
allv = (a, L) € A® with a #

D*Sh(u'(v)) = D*Sh(u'(c(v)))

with b = H(¢, co, ¢1) as above.
As Ly (®(t, H(t, co,c1))) = 0, we have

1
STtoh(Dh)Q:/ B(t,h)(z) dr + ShoTy — Sh,
0
and,forO < k <r—3

D¥(ST; o h(Dh)?) = D*Sh o Ty — D*Sh .

As D*ST; vanishes at the ul for 0 < i < d,0 < k < r — 3, and D¥Sh is continuous at
u?, the required equalities follow. (I
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6.6. Equations for the conjugacy class of 7Tj.

Proposition 6.13. Let (¢, cq,c1) € W3 such that h = H(t, co, ¢1) satisfies

h(uf) = wul  forall0<i<d,
LogDh(ut(v)) = LogDh(ut(c(v))), forallv=(a,L)c A? a+# a,
DLogDh( Y(v)) = DLogDh(u*(o(v))), forallv = (o, L) € A a # 4a,
Ly(®(t,h)) = 0;
Then , if (t, cg, c1) is close enough to (0,0,0), we have T; o h = h o Ty

Conversely, let t € [—to,to)*t? and h € Dift"(T) such that Ty o h = h o Ty. Let
co = Sh(0), c1 = DLogDh(0). Ift is close enough to 0 and h is close enough to the
identity, then h = H(t, co, ¢1) and the relations above are satisfied.

Proof. We first prove the second part of the proposition. Let ¢ € [—to, to]e+d* close to
(0,0,0), h € Diff"(I) close to the identity, such that 7; o h = h o Tj. Then we have

STy o h(Dh)? = Sho Ty — Sh .

Let ¢ = Sh(0), c; = DLogDh(0). Then we have h = P(¥ (¢, h), co, c1) and therefore
h = H(t,co, c1). Moreover Ly (®(t, 3((t, co, c1))) = 0 holds. Finally, H := Ty o ho Ty *
is equal to h, hence it follows from Lemmas 6.9 and 6.10 that the other relations in the
proposition are satisfied. This concludes the proof of the second part of the proposition.
For the proof of the first part, the argument is slightly different, depending whether
(o, R) and (v, L) belong or not to the same cycle of o in A(). Let ¢, co, ¢1, h as in the
proposition. From Lemma 6.12, we already know that h and H belong to Diff" (I).

o We first assume that (o, R) and (pcv, L) belong to the same cycle of o.

By assumption (and Remark 6.11), we have LogDh(u'(v)) = LogDh(u!(o(v)))
for all v € A except (a4, R) and ( e, L). In particular, this gives

LogDh(ug) = LogDh(u'(+a, L)) = LogDh(u'(a, R)) = LogDh(ug),

LogDH (ug) = LogDh(u'(pa, L)) = LogDh(u'(ay, R)) = LogDH (ug).
The same argument applies to DLogDh and to D*Sh for 0 < k < r — 3, ac-
cording to the proof of Lemma 6.12. This allows to conclude that both & and H
are induced by C"-diffeomorphisms of the circle T obtained by identifying the
endpoints of I. Moreover, the relation ST, o h(Dh)? = ¢+ ShoTy — Sh implies
SH = Sh + ¢, with ¢ = fo h)(z) dz . The following lemma allows to
conclude that h = H.

Lemma 6.14. Ler Diff" (T, 0) the group of orientation preserving C" diffeomor-
phisms of the circle fixing 0, and let C~ ( ) be the space of C"3 functions on
the circle vanishing at 0. The map

Diff"(T,0) — C;~3(T)
h+ Sh — Sh(0)

is of class C*° and its restriction to an appropriate neighborhood of the identity
is a O diffeomorphism onto a neighborhood of 0 in Cj~3(T).
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Proof. The first assertion is trivial, the differential at the identity being the map
Sh — D38h — D36h(0) from C§(T) (the space of C" functions on the circle
vanishing at 0) to Cj~*(T). This is clearly an isomorphism, hence the lemma
follows by the implicit function theorem. (]

e We now assume that (o, R) and ( pc, L) do not belong to the same cycle of o.

By assumption (and Remark 6.11), we still have Log Dh(u'(v)) = LogDh(u®(o(v)))
for all v € A®) except (o, R) and (v, L). This now gives

LogDh(ug) = LogDh(u'( s, L)) = LogDh(u'( ya, L)) = LogDH (uy),

LogDh(ug) = LogDh(u'(ay, R)) = LogDh(u'(ay, R)) = LogDH (ug)-

The same argument applies to DLogDh and to D¥Sh for 0 < k < r — 3, accord-
ing to the proof of Lemma 6.12. This allows to conclude that the r-jets at ug of h
and H are the same. Moreover, the relation ST, o h(Dh)? = ¢+ Sho Ty — Sh
implies SH = Sh + ¢, with ¢ = fol &(t,h)(x) do . As SH(ug) = Sh(ug), we
must have ¢ = 0. As Sh = SH and the 3-jets of h and H at uy are equal, we
conclude also in this case that h = H.

O

6.7. End of the proof of Theorem 5.1 for » > 3. From the proposition above, we have to
determine in a neighborhood of 0 € [—tg, to]“T%" the set of ¢ for which, for some (cg, c;)
close to (0, 0), the diffeomorphism h = H(¢, ¢y, c1) satisfies

6.1) h(ut) = ut

(2 ?

forall 0 < i < d,
(62)  LogDh(u'(v)) = LogDh(ut(c(v))), forallv = (a,L) € AP a# a,
(6.3) DLogDh(u!(v)) = DLogDh(ut(a(v))), for allv = (o, L) € A® o # par,

(6.4) Li(®(t,h)) =0 .

We will see that there are exactly (d* + 2) independent equations for ¢,cg, ¢; in the
system above. Looking at the linearized system at (0,0, 0) will allow to apply the implicit
function theorem and conclude. We deal separately with the same two cases which ap-
peared in the proof of Proposition 6.13.

o We first assume that (o, R) and (v, L) belong to the same cycle of o.

There are (d — 1) equations in (6.1), (2r — 5)(g — 1) equations in (6.4) (the
dimension of I',). In (6.2), for each cycle of o which does not contain (v, L),
there is one redundant equation. So the number of equations in (6.2) is really
(d—1)—(s—1) = (2¢g — 1). Similarly, there are (29 — 1) equations in (6.3).

Therefore the total number of equations in the system (6.1)-(6.4) is (d — 1) +
(2r—=5)(g—1)+ (29 — 1)+ (2g — 1) = d* + 2 as claimed.

Consider now the linearized system obtained from (6.1)-(6.4) at (0, 0, 0). Writ-
ing as before dpp = AT(t), we have, from Lemma 6.8

§h = P(Lo(D36¢), 6co, dcy).
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From the definition of L and P (cf.Lemmas 6.6), this is equivalent to
D36¢ = D3Sh o Ty — D*6h + Ly (D?6),
D36h(0) = dcp, D25h(0) =dcy,

where we have used in the first equation that fol D3§5p(z) dx = 0.
Now, the linearized version of equation (6.4) is

Li(D36¢) = 0.
If this holds, we have
D35 = D36h o Ty — D35h
and then, by integration
D*5p = D?*6h o Ty — D*Sh + xa,

for some x2 € I'(1). But the linearized version of (6.3) is

D25h(ut(v)) = D*5h(ut(o(v))), forallv = (a,L) e A? a# a.
If this holds, x2 has to be constant (at each u?-, the left and right values of xq

are the same). As f01 D?§p(z) dx = 0, we must have yo = 0. Observe that the
equation D?8¢ = D?8h o Ty — D?6h determines dcy. One more integration then
gives

Dép = Déh o Ty — Déh + X1,

for some x7 € I'(1). Using now the linearized version of (6.2)
Déh(ut(v)) = Doh(ut(o(v))), forallv = (a,L) € A? a# a,

we proceed in the same way to conclude that, if (6.5)-(6.7) holds, one has y; = 0,
Dép = Déh oTy — Ddh and dcq is determined. One last integration gives

dp =3d6hoTy—6h+xo,
for some xo € I'(1). The linearized version of (6.1) is
Sh(ul) =0.

If this holds, one obtains as above first that x( is constant; as dh(ug) = 0 =
Sh(ut(ap, R)), we have xg = 0.

Recalling the definition of v in Remark 3.3 and II in Theorem 3.13, we con-
clude that, if (6.5)-(6.8) holds, then

II(6p) =0, v(dp)=0.

Going backwards, we see that these relations are actually equivalent to (6.5)-(6.8).
In view of the transversality hypotheses (Trl), (Tr2) of Subsection 5.1, the theo-
rem in this case now follows from the implicit function theorem.

We now assume that (o, R) and (v, L) do not belong to the same cycle of o.
There are still (d — 1) equations in (6.1), (2r — 5)(g — 1) equations in (6.4).

In (6.2), for each cycle of o which contains neither ( ,«, L) nor (o, R), there is
one redundant equation. This would give (d — 1) — (s — 2) = 2¢ for the number
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of equations in (6.2) , and similarly in (6.3), leading to a grand total of (d* + 4)
equations. However, we will now see that the equations

LogDh(u'( t, L)) = LogDh(u'(o( sa, L)),

DLogDh(u'(sa, L)) = DLogDh(u' (o (s, L))),

are also redundant.

Indeed, assume that (6.1)-(6.4) holds, with the exception of (6.9)-(6.10). Let
H=T,0ho T(fl as above. Following Lemmas 6.9, 6.10, 6.12, H is a home-
omorphism of I fixing ug, uq and each ug; moreover the restrictions of H to
[ug, u®( s, L)] and [u®( s, L), ug) are C"-diffeomorphisms.

As in the end of the proof of Proposition 6.13, we obtain that the r-jets of i
and H at ug are the same, and that Sh = SH. This implies that A = H on
[ub( @, L), ugl.

Comparing the r-jets of h and H at u®(;c, L) shows that the r-jets of h at ug
and u®( s, L) are the same.

It is also true that the r-jets of H at ug and u®( s, L) are the same, or, equiv-
alently, that the r-jets of h at u'( e, L) and u(o(tav, L)) are the same: for the
first two derivatives, it follows from (6.2), (6.3) (without using (6.9)-(6.10)); for
the higher derivatives, the argument is the same that in Lemma 6.12.

Therefore, the restrictions to [ug, u’( s, L)] of both h and H satisfy periodic
boundary conditions, and we conclude by Lemma 6.14 that h = H on the full
interval 1.

This proves that (6.9), (6.10) are redundant and we are left with (d* + 2) equa-
tions as in the first case.

We now consider the linearized system as in the first case. We still write

op = AT(t),
§h = P(Lo(D36p), dcq, dc1),

hence
D38¢ = D36h o Ty — D36h + L1 (D36y),

D?*§h(0) = 5cg, D?*6h(0) = be; .
Assuming (6.5), we get
D35 = D36h o Ty — D35k
and then, by integration
D%*5p = D%*6h o Ty — D*5h + xa,
for some xo € I'(1). The linearized version of (6.3) minus (6.10) is
D?6h(ut(v)) = D*6h(u'(c(v))), forallv = (a,L) € A® a# o, 1.

This implies that yo o 7;; * is constant on (ug, u”( ;a, L)) and on (u’( ;av, L), ug).
Moreover, as D?5h(u'(ay, R)) = D%5h(uq), the value of x on (u’( i, L), ugq)
is 0. But we have also [, x2 = [; D?*6¢ = 0, hence x» = 0 everywhere.

One more integration then gives

Dép = DéhoTy — DSh + x1,
for some x; € I'(1).
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The linearized version of (6.2) minus (6.9) is
(6.12)  DSh(ut(v)) = DSh(ut(o(v))), forallv= (o, L) € A® a# ya, sa.

This now implies x; = 0. One last integration gives

d0p =0hoTy—h+ xo,
for some xo € I'(1). If we finally assume (6.8), we get as in the first case
II(0p) =0, v(dp) =0.

Going backwards, we see that these relations are actually equivalent to the con-
junction of (6.5),(6.8),(6.11),(6.12). Therefore we conclude as in the first case by
the implicit function theorem.

The proof of the theorem for > 3 is now complete. |

7. PROOF: C%2-CONJUGACY

In this section, we prove the theorem in the case » = 2. It may help the reader to
look first at Appendix B.2, where the main idea is presented in the simpler setting of
circle diffeomorphisms. Let therefore (T;) be a C! family of C® g.i.e.m.’s satisfying the
hypotheses of subsection 5.1 with r = 2. According to Proposition 5.3, we can and will
also assume that the family is simple.

In this section, we state the intermediate steps in the proof of the conjugacy theorem
with r = 2, but only comment on the parts which substantially differ from the case r > 3
which was presented in Section 6.

7.1. Smoothness of the composition map. This subsection is identical with subsection
6.1. The tangent space at id to Diff”(T) is the space CZ ;(I) of C'*-functions on T vanishing
at ug and ugy.

Lemma 7.1. The composition map
C*(T) x Diff*(T) — CY(I)
(o, h) = @oh
is of class C. Its differential at (0,id) is the map (5, 5h) — d¢ from C*(I) x 0370(7)
to C*(I).
Lemma 7.2. The map

® : [—to, to] T x DiIff3(T) — €L, (UIY)

comp

(t,h) — ST; o h(Dh)?
is of class C. Its differential at (0,id) is the map (6t, 5h) — D36y from R4 x Cgo(I)
toCL(UIL), with 5o = AT(6t).

comp
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7.2. The cohomological equation. We denote by P* the operator

wHZ}MM—%@@

from C.,,,,,(LUI}) to the space CZ(LII,) of functions in C*(LI!,) which are continuous on

T and vanish at ug and ug.
We choose subspaces I'. C I', I',, C I'g such that

=Tcdly, To=T.oTs.
From Theorem 3.10, there exist bounded operators
L.:C2UIl) =T, L,:C3uIl)—T,, Lo:CXuI)— Ci)
such that, for ¢ € C2(UIL)
¢+ Le(¢) + Lu(p) = Lo(p) o To — Lo(p) -

Here, C9(T) denotes the space of continuous functions on I which vanish at .
We write L for the bounded operator from I'y to C{ (1) such that v = L(v) o Ty — L(v).

Lemma 7.3. The map ¥y : (t,h,v) = L(v) + Lo(P*(®(t, h))) from [—tg, to]T4 x
Diff>(T) x Ty to C(T) is of class C*. Its differential at (0,id, v) is

(6t,0h, 6v) = L(6v) + Lo(D?*5¢).
7.3. Relation between a diffeomorphism and the primitive of its Schwarzian deriva-

tive.

Lemma 7.4. The map
Q:C%1I)— CY(I) xR

1 x
N (01(a) = N(&) = Nuo) ~ 5 [ N2(0)dyer = N(wo))
is of class C'°. Its differential at 0 is given by
51/}1 = DéN — 561, 561 = 5N(U0> y

which is an isomorphism from C°(I) onto CY(I) x R. Therefore, the restriction of Qy to
an appropriate neighborhood of 0 € CO(1I) is a C*°-diffeomorphism onto a neighborhood
of (0,0) € CY(I) x R.

Combining the last Lemma with Lemma 6.4, which is still valid for » = 2, we obtain

Lemma 7.5. The map
81 :=Q; o N : Diff*(T) — CJ(T) x R

1
h— (1,¢1) = (DLogDh — DLogDh(ug) — 3 / (DLogDh)?, DLogDh(ug))
U

is of class C°, and its restriction to an appropriate neighborhood of id € Diff? (I)isa
C*°-diffeomorphism onto a neighborhood of (0,0,0) € CJ(I) x R. The differential of 8;
at id € Dift*(I) is the isomorphism 6h — (D?*6h — D2?5h(ug), D?6h(ug)) from C§o()
to CY(I) x R.

We denote by Wo, Wy neighborhoods of id in Diff?>(T) and of (0,0) in (1) x R

respectively such that §; defines a C'*°-diffeomorphism from W} onto W;. We denote by
P1 : W1 — W, the inverse diffeomorphism, and by P; the differential of P; at (0, 0).
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7.4. The fixed point theorem.

Lemma 7.6. The map

(t, h, v, 61) — ﬂ)l(q/l(t, h, U), Cl)
is defined and of class C'" in a neighborhood of (0, id, 0, 0) in [—to, to]*t%" x Diff*(T) x
T's x R, with values in Wy. lIts differential at (0,1id,0,0) is the map (6t,0h,dv,dcy) —
Py(Lo(D?6p)+L(v),dc1), with 6o = AT(6t), from Re“‘d xC§ o(I)xTsxRto CF o(1).

Lemma 7.7. There exist an open neighborhood W of id € Diff? (I) and an open neigh-
borhood W of (0,0,0) € [—to, to]*T% x I'y x R such that, for each (t,v,c1) € Ws, the
map
h+— Tl(‘lll(t, h, 1}), Cl)
has exactly one fixed point in Wo, that we denote by H(t,v, c1). Moreover, the map H is of
class C* on W3, and its differential at (0,0, 0) is the map ((5t dv,d8¢c1) = Py(Lo(D?6p) +
L(v), d¢y), with 5 = AT(6t), from R“H? x T, x R to C§ o).
Let (t,v,¢1) € W3, h = H(t, v, c1). Then h satisfies
P*(®(t,h)) + L(P*(®(t,h))) + Lo (P*(®(t, h))) + v = NihoTy — N1h
with 1 e
Nih(z) = DLogDh(z) — 3 / (DLogDh(y))?* dy
ug
For (t,v,¢1) € W3, we write H = H(t,v,¢;) := Ty 0o ho Ty '. We have H = h iff
T, =hoTyoh L

7.5. Conditions for H to be a diffeomorphism. Lemma 6.9 is still valid in our present
setting

Lemma 7.8. For (t,v,c1) € Ws, the following are equivalent
(1) h(u}) = uf forall 0 <i < d;
(2) H is an homeomorphism of I satisfying H(u?) = ug’- forall0 < j <d.

When the equivalent conditions of the lemma are satisfied, H is in fact a piecewise C?
diffeomorphism of I, with possibly discontinuities of the derivatives of order < r at the
ug’ We will replace Lemma 6.10 by the next two lemmas.

Lemma 7.9. Let (t,v,c1) € W3 such that the equivalent conditions of the last Lemma are
satisfied. Then H is a C'-diffeomorphism of I iff one has, for all v = (o, L) € AR with
a# pa

LogDh(u'(v)) = LogDh(u'(a(v))) .

Lemma 7.10. Let (t,v,c;) € Wa. The function DLogDh o Ty is continuous on I iff one
has, for allv = (a, R) € A with o #
DLogDh(u’(v)) = DLogDh(u’(o(v))) .
Remark 7.11. When v = (a, R), @ # oy, one has u'(v) = u'(o(v)), hence
LogDh(u'(v)) = LogDh(u'(c(v)))
is always true. Similarly, when v = (a, L), & # pa, one has u®(v) = u®(o(v)), hence
DLogDh(ub(v)) = DLogDh(u®(c(v)))

is always true.
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7.6. Equations for the conjugacy class of 7Tj.
Proposition 7.12. Let (t,v,c1) € Wy such that h = H(t, v, ¢1) satisfies
h(ul) = wul forall 0 < i < d,
LogDh(u'(v)) LogDh(ut(c(v))), forallv = (a,L) e AP a# a,
DLogDh(ub(v)) DLogDh(u®(a(v))), forall v = (o, R) € A® a # ay,

Then, if (t,v,c1) is close enough to (0,0,0), we have Ty o h = h o Tj.

Conversely, let t € [—tg,to]"*?" and h € Diff*(T) such that T, o h = h o Ty. Let
¢1 = DLogDh(0). Ift is close enough to 0 and h is close enough to the identity, then
there exists v € T's such that (t,v,c1) belongs to Ws, h = H(t,v, c1) and the relations
above are satisfied.

Proof. We first prove the second part of the proposition. Let t € [—tg, to]”d* close to 0,
h € Diff*(T) close to the identity, such that T} o h = h o T,. Then we have

(7.1) (DLogDT; o h) Dh = DLogDh o Ty — DLogDh .
Let 81(h) = (1, ¢1). Then, we have

1 0Ty — 1y = (DLogDT; 0o h) Dh— R,
with

1
DR = S((DLogDho Ty)? — (DLogDh)?)

1
= 5(DLogDT; o h)?(Dh)* + (DLogDT; o h)Dh(DLogDh).

It follows that
D(tp1 0 Ty — 4p1) = (ST; o h)(Dh)? .
As we have 9(11 o T — 91) = 0, the function (ST} o h)(Dh)? has zero mean value and
we have
10Ty — 1 = P*((ST; o h)(Dh)?) + x

for some x € I'. But this means that we have )1 = Uy (¢, h,v) for some v € I';. This
implies h = 3 (¢,v,c1). Moreover h = H, hence the first two sets of relations in the
proposition are satisfied from Lemmas 7.8 and 7.9. We also have from (7.1) above that the
function DLogDhoTy is continuous on I. Then the third set of relations in the proposition
follows from Lemma 7.10. This concludes the proof of the second part of the proposition.

We now assume that (¢,v,¢1),h = F(t, v, c1) satisfy the three sets of relations in the
proposition. We will prove below that relation (7.1) is satisfied. With H as above, we
have then DLogDH = DLogDh. But H is a C! diffeomorphism of I (piecewise C?)
by Lemmas 7.8 and 7.9. The relation DLogDH = DLogDh implies then that H is a C?
diffeomorphism and h = H.

To see that (7.1) is satisfied, we will use the following lemma, where C’O(T7 0) denotes
the space of continuous functions on I with mean value 0.

Lemma 7.13. The map
(o, N) = T(p,N) =9 —Ap
C°(1,0) x C°(I) — C°(1,0)
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with
L Lo
DAp ="+ N — [ (59" +¢N), [ Ap=0
2 12 I
is of class C*. Its differential at (0,0) is (60, N) — 3. Thus, for N close enough to 0,

the map ¢ — T(p,N) is a C1 diffeomorphism from a neighborhood of 0 € C°(I,0) to
another neighborhood of 0.

Let N = DLogDh. Take first 9 = (DLogDT; o h)Dh. This function does belong to

C%(1,0).
One has T (@0, N) = @9 — Aypg with
1
DAy = §(DLogDTt o h)*(Dh)? + (DLogDT; o h) Dh(DLogDh) — ¢,
hence

D(po — Apo) = (ST; 0 h)(Dh)* — ¢y,

where the constant ¢ is the mean value of (ST; o h)(Dh)? (as Dipg has mean value 0).
Therefore T(po, N) = P*(®(t, h)) — ¢, with ¢ equal to the mean value of P*(®(¢t, h)).

Next take o1 = DLogDh o Ty — DLogDh. This function has mean value 0, and is
continuous from Lemma 7.10. Therefore it belongs to C°(1,0). One has T(p1, N) =
w1 — Apy with

1
DAy, = 5[(DLogDh 0Ty)? — (DLogDh)?].

Let 81h = (1, ¢1). We have therefore

o1 —Apr =0Ty — 1 +x
for some x € I'. As 3 — A¢; is continuous with zero mean value, it must also be equal
to P*(®(t, h)) —c.
We conclude that T(pg, N) = T(p1, N), hence pg = @1 by the lemma. This is (7.1),

and the proof of the proposition is complete.
O

7.7. End of the proof of Theorem 5.1 for » = 2. From the proposition above, we have
to determine in a neighborhood of 0 € [—tg, to]*t?" the set of ¢ for which, for some (v, c;)
close to (0, 0), the diffeomorphism h = H(t, v, ¢y ) satisfies

(7.2) h(ut) = ul forall 0 < i < d,

(7.3)  LogDh(u'(v)) = LogDh(ut(s(v))), forallv = (a,L) € A® a# a,

(74) DLogDh(u’(v)) = DLogDh(u®(c(v))), for allv = (o, R) € A® o # ay.

We will see that there are exactly (d* + g + 1) independent equations for ¢, v, ¢y in
the system above. Looking at the linearized system at (0,0,0) will allow to apply the
implicit function theorem and conclude. We deal separately with the same two cases which
appeared in Section 6.

o We first assume that (o, R) and (pcv, L) belong to the same cycle of o.

There are (d — 1) equations in (7.2). In (7.3), for each cycle of o which does
not contain ( yav, L), there is one redundant equation. So the number of equations
in (7.3) is really (d — 1) — (s — 1) = (29 — 1). Similarly, there are (2g — 1)
equations in (7.4).
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Therefore the total number of equations in the system (7.2)-(7.4) is (d — 1) +
(29 — 1)+ (29 — 1) = d* + g + 1 as claimed.

Consider now the linearized system obtained from (7.2)-(7.4) at (0, 0, 0). Writ-
ing as before 6 = AT(t), we have, from Lemma 7.7

Sh = Py(Lo(D?*6p) + L(v), bcy).
From the definition of Ly, P* and P, this is equivalent to
D?5h o Ty — D*6h = D*5p + x2, D?*Sh(ug) = ey,
with xo = 6v + L.(D?8p) + L, (D?8¢p). The linearized version of (7.3) is
D?5h(ub(v)) = D?6h(u’(o(v))), forallv = (a,R) € A® a#ay.

This implies that x» is continuous at each uf hence constant. As it has mean value
0, we have x» = 0. Integrating D?6h o Ty — D?6h = D?§¢p gives

DéhoTy — DSh = Ddp + x1,
for some x7 € I'(1). The linearized version of (7.2) is
Déh(ut(v)) = DSh(ut(o(v))), forallv = (a,L) € AP a# 4a.
If it holds, 1 has to be constant (at each u?, the left and right values of x; are the

same). As fol Dép(x) dx = 0, we must have y; = 0. Observe that the equation
Dép = Déh o Ty — Ddh determines dc;. One more integration then gives

dp =0hoTy—dh+ xo,
for some xo € I'(1). The linearized version of (7.1) is
Sh(ul)=0.
If this holds, one obtains as above first that x( is constant; as dh(ug) = 0 =
Sh(u'(awp, R)), we have xo = 0.

Recalling the definition of v in Remark 3.3 and II in Theorem 3.13, we con-
clude that, if (7.5)-(7.7) holds, then

II(6p) =0, v(dp)=0.

Going backwards, we see that these relations are actually equivalent to (7.5)-(7.7).
In view of the transversality hypotheses (Tr1), (Tr2) of Subsection 5.1, the theo-
rem in this case now follows from the implicit function theorem.

We now assume that (o, R) and (v, L) do not belong to the same cycle of o.

There are still (d — 1) equations in (7.1). In (7.2), for each cycle of ¢ which
contains neither (v, L) nor (o, R), there is one redundant equation. This would
give (d — 1) — (s — 2) = 2g for the number of equations in (7.2) , and similarly
in (7.3), leading to a grand total of (d* + g + 3) equations. However, we will now
see that the equations

LogDh(u'(;a, L)) = LogDh(u' (o ( s, L)),

DLogDh(ub(ay, R)) = DLogDh(u®(c(aw, R))),

are also redundant.
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Indeed, assume that (7.2)-(7.4) holds, with the exception of (7.8)-(7.9). Let
H=T,0hoTy ! as above. We first show that (7.1) (in subsection 7.6) holds. We
will use a variant of Lemma 7.13.

Denote by C?(I) the space of functions on I which vanish at 1 and are contin-
uous on I except possibly at u’(cy, R) where they have a right and left limit. Let
C2(1,0) = {p € C2(I), [, =0}andlet 7 : CY(I) — C2(I,0) be the projec-
tion operator such that, for ¢ € C%(I), ¢ — 7(¢) is constant on (u®(ap, R), uq)
and 0 on (ug, u’(ayp, R)). We define a map

(0, N) = T(p, N) :=7m(p — Ap)
from C?(I,0) x C°(T) to CY(I,0) by the formulas

1 1
DAp = §<p2 + oN — /1(5(/)2 +oN), Ap(ug) =0

Lemma 7.14. The map T is of class C' and satisfies T(0, N) = 0 for all N €
CO(I). Its differential at (0,0) is (5p,0N) + 8. Thus, for N close enough to

0, the map ¢ — T(p, N) is a C* diffeomorphism from a neighborhood of 0 in
CY(I,0) to another neighborhood of 0 in C%(I,0).

Let N := DLogDh € C°(I). The function ¢q := (DLogDT; oh)Dh belongs
to C%(1,0) (it is actually continuous at u’(as, R)). A small computation gives
T(g0, N) = (P*(D(t, ).

Let 1 := DLogDh o Ty — DLogDh. As (7.4) is satisfied with the exception
of (7.9), the function ¢, belongs to C?(T). Moreover, it clearly has mean value 0,
hence we have p; € C2(1,0). Writing 81(h) = (11, ¢1), we obtain after a short
computation that

T(p1, N) =91 0Ty — 1 + x

for some x € I'. Observe that it follows from (7.4) minus (7.9) that ¢4 (ug) = 0.
Therefore T(¢1, N)(ug) = 0. As T(1, N) belongs to C2(I,0), one must have
T(p1,N) = w(P*(®(t,h))). We then conclude from the lemma that ¢y = ¢1,
which is (7.1).

From (7.2) minus (7.8), the function LogDH is continuous on I, except per-
haps at u®( s, L). From (7.1), we deduce by integration that LogDH — LogDh
is constant on (ug, u®(¢a, L)) and (u®( s, L), uq). We have also from (7.2)

LogDH (ugq) = LogDh(u"(as, R)) = LogDh(u'(ay, R) = LogDh(ug) .
As [, Dh = [, DH, we conclude that Dh = DH and finally (as h(ug) = uo =
H (ug)) that h = H. We have thus proven that (7.8) and (7.9) are redundant.

We now consider the system linearized from (7.2)-(7.4) minus (7.8)-(7.9). As
in the first case, we have, with d¢ = AT'(¢)

Sh = Pi(Lo(D?*6p) + L(v), dcy),
which is equivalent to
D?*5hoTy — D*6h = D*5p + x2, D?*Sh(ug) = ey,

with o = dv + L.(D%5¢) + L,(D%*5¢p).
The linearized version of (7.3) minus (7.9) is

D25h(u’(v)) = D*6h(ub(o(v))), forallv = (a,R) € A® a# ap, .
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This implies that x» is continuous on (ug, u'(ap, R)) and (u'(ap, R), uq). We
have also from (7.10) that D25k (ug) = D?6h(u®( 1, L)) hence x2(up) = 0. As
X2 has mean value 0, we obtain 2 = 0.

Integrating D25h o Ty — D?6h = D?§¢p gives

DéhoTy — Déh = Doy + x1,
for some x; € I'(1). The linearized version of (7.2) is
(7.11)  DSh(ut(v)) = DSh(ul(o(v))), forallv = (a,L) € A® o # pa, sor.

If it holds, x; o T, * has to be constant on (ug, u®( sc, L)) and (u®(rov, L), ug).
Also, from (7.11), we have Ddh(uq) = DSh(ut(cw, R)), hence x1 o Ty ' (uq) =
0. As fol Dép(x) de = 0, we must have [, x; = 0 and x; = 0.

Observe that the equation Ddyp = Ddh o Ty — Ddh determines dc;. One more
integration then gives

6o =0hoTy—dh+ xo,
for some xo € I'(1). The linearized version of (7.1) is
(7.12) Sh(ul) =0.

If this holds, one obtains as above first that x( is constant; as dh(ug) = 0 =
dh(u'(cw, R)), we have xo = 0.

Recalling the definition of v in Remark 3.3 and II in Theorem 3.13, we con-
clude that, if (7.10)-(7.12) holds, then

II(0p) =0, wv(dp)=0.

Going backwards, we see that these relations are actually equivalent to (7.10)-
(7.12). In view of the transversality hypotheses (Trl), (Tr2) of Subsection 5.1, the
theorem in this case now follows from the implicit function theorem.

The proof of the theorem for » = 2 is now complete. (]

8. SIMPLE DEFORMATIONS OF LINEAR FLOWS ON TRANSLATION SURFACES
8.1. Translation surfaces.

Definition 8.1. Let M be a compact connected orientable surface and ¥ = {A;, ..., As}
be a non-empty finite subset of M. A structure of translation surface on (M,X) is a
maximal atlas ¢ for M — X of charts by open sets of C ~ R? which satisfies the two
following properties :
(1) any coordinate change between two charts of the atlas is locally a translation of
R?;
(2) forevery 1 < ¢ < s, there exists an integer «; > 1, a neighborhood V; of 4;, a
neighborhood W; of 0 in R? and a ramified covering 7 : (V;, 4;) — (W;,0) of
degree ~; such that every injective restriction of 7 is a chart of (.

It is equivalent to equip M with a complex structure and a holomorphic 1-form which
does not vanish on M — X and has at A; a zero of order x; — 1.

For a structure of translation surface ¢ on (M,Y) and g € GL(2,R), one defines a new
structure g.C by postcomposing the charts of ¢ by g.
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Definition 8.2. Let ¢ be a structure of translation surface on (M, X). The vertical vector-
field is the vectorfield on M — X which reads as a% in the charts of ¢. The associated flow
is the vertical flow. An orbit of the vertical flow which ends (resp. starts) at a point of X is
called an ingoing (resp. outgoing ) vertical separatrix. A vertical connexion is an orbit of
the vertical flow which both starts and ends at a point of X.

More generally, a linear flow on (M, 3, () is a flow on M — X which is vertical for g.(,
for some g € GL(2,R).

Definition 8.3. A C” simple deformation of the vertical vectorfield X, of (M, X, () is a
non vanishing C”-vectorfield X on M — 3 which coincides with X, in a neighborhood of
> and is appropriately C"-close to Xy on M — X..

Definition 8.4. Let ¢ be a structure of translation surface on (M, ). An open bounded
horizontal segment I is in good position if
(1) I meets every vertical connexion;
(2) the endpoints of [ are distinct and either belongs to X or is connected to a point of
Y. by a vertical segment not meeting /.

If there is no vertical connexion, or no horizontal connexion, then such segments always
exist. One may even ask that the left endpoint of [ is in ¥ ([Y4, Proposition 5.7, p.16])
In particular, one can always find ¢ € GL(2,R), preserving the vertical direction, and a
segment in good position which is horizontal for g.C.

When [ is in good position, the return map 77 of the vertical flow on [ is an i.e.m. and
the translation surface (M, X, {) can be recovered from T and the appropriate suspension
data via Veech’s zippered rectangles construction.

8.2. The boundary operator and the conjugacy invariant. Let (M, X, () be a trans-
lation surface, (V") its vertical flow, I an horizontal segment in good position, 77 the
associated return map. Let [ = UI* = LIIY the partitions defining the i.e.m. T;. We
denote as usual by u! < ... < ul_, the singularities of 77 , by u% < ... < ub_, those of
Tt

Let r be an integer > 0. Denote by C? (M — X) the functions of class C” with compact
support in M — X. For a function ® € C”(M — X), one defines a function ¢ := I(®) on
Ut by

r(x)
o(z) = / (V7 () dr,

where r(x) is the return time of = to I. Observe that I commutes with horizontal partial
derivatives: if r > 1 and ® € CI(M — X), then one has %fb € Cr1(M - %) and
I1(Z®) = D[I(D)].

Proposition 8.5. The operator I sends C(M — X) continuously into C™(UIL). Its image
is the subspace of functions ¢ € C"(UIL) satisfying 0D'p = 0 for all 0 < i < 7.

Proof. Regarding the first assertion, the case » = 0 is clear and the assertion for higher r
follows from the commutation with horizontal partial derivatives.
Let ® € CO(M — %), :=1(®) € CO(UI!). For 1 < j < d — 1, define

La(ul) = /Opj BV (ul)) dr,
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0
Lo(ub) = / (V7 (uh)) dr,

where p5 < 0 < p} are the times such that Vi (uf) and G (u?) belong to X.
We use the notations of subsection 3.1. Let v € A®); if neither u’(v) nor u®(v) is an
endpoint of I, one has
p(v) = Lo (u'(v)) + Lo (u’(v)).

For the remaining elements of A(2), we have
p(ta, L) +@(ba, L) = Le(u'(ya, L) + Lo (u’(; a, L)),

QD(Oét, R) + @(Oébv R) = Lo (ut(aba R) + Lo (ub(atv R))
In view of the definitions of the boundary operator O and the permutation o of A(2),
there is a total cancellation of the terms in the formula for d¢.

We have proven that 1 (®) = 0 for ® € CO(M — X). The case of higher r follows
from the commutation of I with horizontal partial derivatives.
(I

The following proposition may be seen as a non-linear version of the previous propo-
sition. Let X, is a C" simple deformation of the vertical vectorfield Xy of (. We denote
by V. the flow of X,. We assume that X and X, coincide on the vertical separatrices
segments connecting X to the endpoints of I: this warrants that the return map 7 of V|
on [ is a generalized i.e.m. of class C" with the same combinatorics than Ty := T7. We
can therefore consider the conjugacy invariant J(7,) € J" introduced in subsection 4.1.

Proposition 8.6. The invariant J(T) is trivial.

Proof. The proof is essentially the same than the proof of the relation 0I(®) = 0 in the
previous proposition. Let uﬁ* <...< ufifl)* be the singularities of 7T}, ul{* <...<
UZ_L* those of T,:l. Foreach1l < j < d—1,1let ] ; be a small horizontal segment
transverse to the separatrix from u§ to X and very close to X, with coordinate a:§ centered
at the intersection with the separatrix. Define similarly I jl-’ with coordinate x?. Let Jx (uz*)
be the r-jet at uz* of the transition map from I to IJt» along X.. Let Jx (ug’*) be the r-jet
at x? = 0 of the transition map from I;’ to I along X,.

Let v € A®); if neither u*(v) nor u®(v) is an endpoint of I, one has
(T, ) = Tx (ul(v)) Jx (u (v)).
For the remaining elements of A(?), we have
J(Tes (s, L))J(Tes (b v, L)) = Jx (u*(s o, L)) Jx (u (b o, L),
J(Te, (e, R))J(Ts, (aw, R)) = Jx (u” (e, R)) Jx (u' (cw, R).
The same cancellation takes place. Therefore the conjugacy invariant is trivial. (]
8.3. Statement of the result.

Definition 8.7. Let (M, X, {) be a translation surface . It is of Roth type (resp. restricted
Roth type) if there exists some open bounded horizontal segment / in good position such
that the return map 77 of the vertical flow on I is an i.e.m. of Roth type (resp. restricted
Roth type).
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Actually, we show in Appendix C that for a (restricted) Roth type translation surface,
T will be of (restricted) Roth type for any horizontal segment [ in good position.

Recall that two vectorfields X, Y are said to be C"-equivalent if there exist a C"-
diffeomorphism H sending the time-oriented orbits of the flow of X on the time-oriented
orbits of the flow of Y. An equivalent formulation is that H* X is a positive scalar multiple
of Y, or that Y is obtained from H* X by time reparametrization.

Corollary of the main theorem. Let (M, X, () be a translation surface of restricted
Roth type, and let r be an integer > 2. Amongst the C"*3 simple deformations of the
vertical vectorfield X, those which are C"-equivalent to X by a diffeomorphism C”
close to the identity form a C' submanifold of codimension d* = (g — 1)(2r + 1) + s.

Concerning conjugacy between X, and X instead of equivalence, see the final remark
after the proof.

8.4. Proof of the Corollary. Let (X;)c(_, ;,)¢+a be a C* family of C"+2 simple defor-
mations of the vertical vectorfield X, . We assume that the family is in general position.
We will allow at various stages to restrict ¢ to a smaller neighborhood of 0. We divide the
proof into several steps.

(1) Choose an open bounded horizontal segment I in good position such that the re-
turn map Ty of Xy on I is an i.e.m. of restricted Roth type. By slightly shifting
vertically I if necessary, we may assume that the endpoints ug, ug of I are not in
). By definition of good position, there are vertical segments Jy, J4 disjoint from
I connecting these endpoints to points of ..

There exists a C! family (k;) of C"*3-diffeomorphisms of M, supported on
a compact set of M — X, such that kg is the identity and for all ¢ the vectorfield
kf X coincides with X, on Jy and J4. Replacing X; by k; X;, we assume from
now on that X; coincides with Xy on Jy and Jj.

(2) The singularities u! < ...uf,_; of Tj are the last intersections with I of the in-
going vertical separatrices of X, while the singularities u% < .. .ug_l of T(;1
are the first intersections with I of the outgoing vertical separatrices of Xj. As
X coincides with X in the neighborhood of X, we can also define ingoing and
outgoing separatrices for X;. By the implicit function theorem, the ingoing sepa-
ratrices will have as last intersection with I points u} (¢) < ...u}_,(t) which are
C'-functions of ¢t. Notice here that the fact that X, coincides with X, on J and
Jq is crucial to guarantee that these are last intersections.

Having the separatrices under control, we know that the first return map 73 for
X; on I is a generalized i.e.m of class C"*2 with the same combinatorics than
Ty, and that (T}) is a C*! family of such g.i.e.m. Moreover, every infinite half-
orbit of X; (in the past or in the future) intersects I. This is a consequence of the
implicit function theorem, taking into account that the return times to I for X are
bounded.

(3) From subsection 8.2 above, for all ¢ close to 0, the conjugacy invariant of 7} in
J"+3 is trivial. On the other hand, this is the only restriction on 7}: the map
X — Ty , which associates to a C™+3 simple deformation X of X such that
X = X on JyU Jy the return map to [ is a submersion onto g.i.e.m’s with trivial
J"+3-invariant.
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It follows that the family (7} ) will be itself in general position (amongst g.i.e.m’s
with trivial J"t3-invariant). By our main theorem, there is a C' 1_submanifold C of
codimension d* through 0 which consists exactly of the parameters ¢ such that T;
is conjugated to T by a C"-diffeomorphism of I which is C"-close to the identity.

We will promote , for t € C, the conjugacy h; between Ty and T3 (i.e hy o Ty =
T, o hy) to a C"-equivalence H; between X, and X;. This is best done in two
steps.

First, consider a small neighborhood U of I in M — and a C'- family (Hf)te@
of C"-diffeomorphisms of M, C"-close to the identity, with the following proper-
ties:

e foreacht € C, Hf has support in U, and is the identity on Jy and Jg;

e foreacht € C, Hf preserves I and the restriction of H; to [ is equal to h; L

. Hg is the identity.

Then, for each ¢t € G, the vectorfield Xf = (Htti )*X; is a C" simple defor-
mation of X for which the return map to I is equal to 7. We also still have
theﬁ property that every infinite half-orbit of Xf intersects /. Observe also that
X, = Xo.

Denote by (V) the flow of X?. For z € I, not a singularity of Ty, let r(z) be
the return time to I of x under X f .

The C'"-equivalence H; we are looking for will be
H, = Hyo (H)™Y,
where Hy is a CT-equivalence between X and Xf satisfying
H(Vg () = VT (@), forzel, 7€ [0,r(x)]-

Here g, . is a diffeomorphism from [0, ro(x)] onto [0, r;(x)]. However, we have
to be careful in the choice of g, ; when x gets close to the endpoints of I or the
singularities of Tj; because we want FNIt to preserve 3 and be of class C" on the
whole of M. We will actually define not only g, ; but also the right and left limits
Gut, forv € A® (cf. subsection 3.1). Observe that, for any « € A, the restriction
of the return time function 7, to I’ extends to a C"-function on the closure of I%,.
In particular, the values r;(v) are well defined.

For1 < j < d—1,1let A; € 3 be the endpoint of the ingoing Xf -separatrix from
ué and let p; ; the time span of this separatrix.

We will only consider the case where both Jj and .J; are outgoing separatices.
The other cases are dealt in the same manner, with minor modifications. Under
this assumption, we have , foreach 1 < j < d — 1,

0 < pje <min(re(vy,—), re(vj+)),

where v; 1 are the elements of A(?) adjacent to ub.

Let1 < j < d—1andlete > 0 be small enough so that X; and X are equal in a
3e-neighborhood of 3. The image by Vy™**° of the segment (u; — 2e, uf +2¢) C I
is a horizontal segment I;(2¢) through A;. Let

3
C(26) = {2 €C,0< |2| < 2, ,g <argz < g}
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and let z; = x4y, : C;j(2¢) — C(2¢) be the chart of ¢ such that the equation of
I;(e) is y; = 0. The domain C;(2¢) is a circular open cone of radius 2¢, aperture
27 at Aj.

For ¢ close enough to 0, there is a C"-maps G, defined on (—¢,¢) (and de-
pending in a C'! way on t) such that, for s € (—¢, €), the point V, (u} +5) belongs
to I;(2¢) at a time 7 close to p; o and its xj-coordinate is G ;(s). Observe that

Gj70(8) =S, Gj’t(O) =0.

Write G +(s) = swj(s), with w;(s) close to 1. Define then a map G, :
C;(e) — C;(2¢) given in the z;-coordinate by
G i(25) = zjwji(z;).
Observe that G  is the identity, that G , preserves the vertical foliation and that
its restriction to the segment I;(¢) is (x;,0) — (G, +(x;),0).
(8) We now choose the g, ; in order to satisfy the following properties:
o for each 2 € I which is not a singularity of Ty, ¢, ; is a diffeomorphism from
[0,70(z)] onto [0, 7(z)];
e foreach v € AP® v # (;a,L),(as, R), gy is a diffeomorphism from
10, 70(v)] onto [0, ry(v)]:
e forvg := (y a, L), gy, .+ is a diffeomorphism from [—|Jo|, 70 (vo)] onto [—|Jo|, ¢ (vo)];
forvg := (ay, R), gu, ¢ is a diffeomorphism from [—|.J4|, 7o (vg)] onto [—|J4|, 7 (va)];
e for 7 € [0,¢), any x or v, we have

g:z:,t(T) = gu,t(T) =T,

Gut(ro(x) — 1) = 1re(2) — 7, Gu.t(ro(v) — 1) =1 (v) — 7.
e for 1 < j < d— 1, the diffeomorphisms g, _; and g,, , ¢ coincide on
[0, p;.0] and send this interval onto [0, p; ;]; we denote by 9ut,+ this restriction.
e The similar condition for the outgoing separatrices is as follows; let 1 < j <
d—1, and let v;,i be the elements of A(2) adjacent to ug; then we must have

/

(v _) — o', (ro(v) ) —7) =r(v) ) — gU;‘Jr’t(ro(U;ﬁ) —7)

—

for0 < 7 < 09,02 here p;-70 is the time span from X to ué’ for Xg.

e Let R; be the open subset of I x R formed of the pairs (z,7) such that
0 < 7 < ry(z) if x is not one of the u}, 0 < 7 < pj if 2 = u}; then the
map Gy : (z,7) — (x,94,.(7)) is a C"-diffeomorphism from Ry onto R,
and t — G, is C*.

e We also ask for a similar condition along the outgoing separatrices.

o If (2,7) € Ry satisfies V™) € C}(¢) (for some 1 < j < d — 1), then

Ve @) = GV ).

It is fastidious but not difficult to check that these conditions are compatible
and that one can indeed satisfy all conditions.

As mentioned earlier, from the g, ;, we obtain an equivalence H + between X
and X f by the formula

Hy (Vg (2) = V7 (@),
The properties required along the ingoing and outgoing separatrices guarantee
that H is a C"-diffeomorphism of M —X. Then, the properties of the G} , warrant
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that H, ¢ is also C™ in the neighborhood of X.. Indeed, if & is the ramification index
of ¢ at A; and we write z; = Z j’“ we will have in the Z;-coordinate that

G 1(Z) = Zj(w; +(RZ))) .
We conclude that, for ¢t € €, X; and X are indeed C"-equivalent.

(9) On the other hand, if X; and Xy are C"-equivalent; the restriction of the C"-
equivalence to [ is a C"-conjugacy between 1} and Tp, hence ¢ € C. [J

Remark 8.8. One could look for a conjugacy (respecting time) rather than an equiva-
lence between X; and X,. To transform an equivalence into a conjugacy, one needs that
the return times to I of Xy and X; differ by the coboundary of an appropriately smooth
function on I. Therefore, from the results on the cohomological equation (using also a
transversality argument), one finds a submanifold C* of € of codimension g such that X,
and X, are C"~2-conjugated for ¢ € C*. However, it is not clear at all that d* + g is
the right codimension for the C"~2-conjugacy class of Xy amongst C"*3 (or C*) simple
deformations of Xj.

APPENDIX A. THE COHOMOLOGICAL EQUATION WITH C'*7 DATA

In this appendix, we show that Theorem 3.10 is also valid with C1*7 data. Let 7 €
(0,1). We denote by C5+7(LIT!) the space of functions ¢ € C}(UI!) whose restrictions
to each I is of class C1*7. Let T be a standard i.e.m. of Roth type. We choose a subspace
I'y, € 'y complementing I'p.

Theorem A.1. There exist bounded linear operators Ly : ¢ + v from C3+7(UIY) to
C%(T)and Ly : ¢ — x from CyT7(UIL) to T, such that, for all o € C5™(UIL), we have
p=x+YoT —19.

Proof. We use the notations of subsection 3.3. Associated to any initial subpath (1) x
- % y(n) of the "rotation number" ~y of T, there is an i.e.m. (") defined on an interval

I with the sama left endpoint than I: T is the first return map of t on I(™ and is
deduced from T by the steps of the Rauzy-Veech algorithm represented by (1) *- - - 7y(n).
For ¢ < n we have a "special Birkhoff sum " operator S(¢, n) defined as follows: if ¢ is a

function on LI5S, S(¢,n)yp is defined on Lzt by
Stn)p(xr) = Y o(TY)(x)),
0<i<r(x)
where r(x) is the return time of 2 in (™) under T¥). There are three steps in the proof of
the theorem:
e One first obtains, for some § > 0, and any function ¢ € C7(UI*) with fI =0,

15(0,m)¢llce < ClIB)[I"° [lellcr -

Here, only conditions (a) and (b) in the definition of Roth type are used.

e One then obtain by integration (using also condition (c) in the definition of Roth
type) that there exists 6’ > 0 such that, for any ¢ € Cé”(l_llg), one can find a
unique y € I'y, such that

15(0,7) (¢ = X)llco < CIBm)|I7 [lgllcr+r -
e This last estimate easily imply (using condition (a)) that the ordinary Birkhoff

sums of ¢ — x are bounded; it follows then, as explained in Section 3, that ¢ — x =
Yo T — 1) for some y» € CO(1).
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The last two steps are done in exactly the same way in the present setting than in the setting
of Theorem 3.10. We will therefore only indicate how to prove the estimate of the first step.
Let therefore ¢ € C7(UI,) with [ ¢ = 0. The method is as in [MMY1]. We write

¥ = %o + Xo

with ¢g of mean value 0 on each I, fx and xo € T' (of mean value 0 as f 1 = 0). For
0 < ¢ < n, we write in the same way

S —1,0)pe—1 =+ xe

with (, of mean value 0 on each Li’(

We have then

and y, € r (of mean value 0).

S(0,n)p =¢n+ > S(ln)xe
0

ForO</{<n,ac A,z yeI 6 , one has
lpe(x) —we(y)l = [5(0,0)p(x) = S(0,0)@(y)]
< r@IEO T lellor.
Here r(z) is the sum of the a-column of B(¢). From condition (a), we have (cf. [MMY],
Proposition p.835]) |15 (€)| < C||B(¢)]|~ 2, hence we obtain

|e(x) = pe(y)l < CUBOI'Flollc-.

As @y vanishes in each Ia( )

, this implies
lleelloo < CIBEOI 2 l¢llcr-
This gives, for0 < / < n
lee + xelleo < [Z(0)]] [[pe-1l]co
< CIBOI 3 lelle-,
Ixellee < CIIBOI'34llor

Putting these estimates in the expression for S (0, 1)y above, we have to bound from above
the sum

(A.1) ZIIB '3[ Bo (¢, n)]],

where By (¢,n) is the restriction of B(¢,n) to the hyperplane F((f) (of functions with
()

mean value 0 on 79, constant on each I ). To estimate the sum in (A.1), we deal
separately with the terms with small ¢ and large .
e When ||B()|| < ||B(n)||%, we write
Bo(z, ’I’L) = Bo(n) Bo(g)_l
and get from condition (b) of Roth type (as B(¢) is symplectic)
1Bo(€,n)l| < [|Bo(n)[| IB(O)~|
< CIBM)II B
<

IBOIF [ Bo(¢, n)| 1B(n)||'~5.
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e When ||B(0)|| = ||B(n)]||%, we just bound || By(¢,n)]|| by ||B(£,n)]|.

Claim: For every 1 > 0, there exists C(7) such that, for all 0 < £ < n, one
has

IB()|| < [I1BOIB(E,n)]| < C)||Bn)|[**".
The claim gives in this case the following bound

_z _z6
IBOII'5|Bo(¢,n)]| < C||B(n)|]'~ T .

As ||B(n)|| grows at least exponentially fast, one obtains that the sum in (A.1) is indeed
bounded by C' || B(n)||!~° for § < 8.

Proof of the claim
The left-hand inequality is trivial. If m — ¢ > 2d — 3, all coefficients of B(¢,m) are
> 1 ([IMMY1], Lemma p.833). Therefore, forn > m > ¢ > 0 withm — ¢ > 2d — 3, we
have ||B(n)|| = ||B(¢)||||B(m,n)||. The right-hand inequality in the claim now follows
from condition (a) in the definition of Roth type. (|
The proof of the inequality for special Birkhoff sums of C” functions is now complete.
A mentioned above, the rest of the proof of the theorem is the same than for Theorem 3.10.
[l

APPENDIX B. THE CASE OF CIRCLE DIFFEOMORPHISMS

B.1. The C"-case, r > 3. Let F be a C"*3 orientation preserving diffeomorphism of
the circle T = R/Z which is C"*3-close to a rotation R,,. We assume that w satisfies a
diophantine condition CD (v, 7) with 7 < 1:

L R
q q

Following Herman [He], we show that one can write
F=R,ohoR,o0h™ 1,

for some unique ¢ close to 0 and some unique / € Diff", (T) normalized by [.(h—id) = 0.
Both ¢ and h are C*-functions of F.

We denote by Dift", (T) the set of & € Diff, (T) satisfying [1.(h —id) = 0, by C¢(T)
the space of C" functions on T with zero mean-value.
Lemma B.1. The map (F,h) — ®(F,h) := (SFoh)(Dh)? from Diff:_+3 (T) xDiff", o(T)
to C"~Y(T) is of class C*. Its differential at (R,,,id) is the map (0F,5h) — D3§F.
Lemma B.2. The map h s Sh — [ Sh from Diff", ((T) to C{~%(T) is of class C*°. Its

differential at id is h — D36h. Therefore its restriction to a neighborhood of the identity
in Dift", (T) is a C* diffeomorphism onto a neighborhood of 0 in Cy3(T).

Let us write P for the inverse diffeomorphism, P for its differential at 0 (consisting in
taking thrice a primitive with mean value zero).

As w satisfies C'D(v, 7) with 7 < 1, there exists a bounded operator L from C"~1(T)
to Cj;~(T) such that, for every ¢ € C"~!(T)

o= [ o+ o R~ L)
From the two lemmas above, we see that the map
(F,h) = P(L(Q(F, h)))
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is defined and of class C! in a neighborhhood of (R,,,id) in Diff:_"'?’(’ﬂ’) x Diff’, o(T),
with values in Diff’, ,(T). The differential at (R,,, id)
(6F,0h) — P(L(D36F))

does not involve dh. Therefore, if F' is close enough to R, this map will have a unique
fixed point h = H(F') close to the identity. This fixed point satisfies, with ¢ = [, ®(F h)

S(Foh)=S(hoR,)+c.
One then concludes from Lemma B.2 that F o h = R; o h o R, for some ¢ close to 0.
B.2. The C?%-case. We now show how to adapt the argument when / in only of class C2.
The Schwarzian derivative of h no longer exists but its primitive can still be used!

Let F € Diffi(?l‘) be close to R,,, with w still satisfying C D(~, 7) for some y > 0,7 <
1. Lemma B.1 with r = 2 is still valid. For h € Diffi’o('ll‘) we define N1h € CJ(T) by

Nin(s) = DLogDha) 5 [ *(DLogD)(y) — e1)dy

where ¢; = [.(DLogDh)?(y) dy and the primitive is taken in order to have [, N1h(z) dz =
0.

Lemma B.3. The map h — Nih from Diﬂi’O(T) to CY(T) is of class C*°. Its differ-
ential at id is 6h — D?8h. Therefore its restriction to a neighborhood of the identity in
Difin(T) is a C* diffeomorphism onto a neighborhood of 0 in C§(T).

Let us write P, for the inverse diffeomorphism, P for its differential at 0 (consisting in
taking twice a primitive with mean value zero).
Let us also write P* for the operator from C*(T) to C3(T)

wH/x(so(y)—/Tw)dy

the primitive being taken in order to have mean value 0.
Consider now the map

(F,h) = P1(L(P*(®(F, 1))
It is defined and of class C in a neighborhood of (R,,, id) in Diff’, (T) x Diffi’o(’]l‘), with
values in Diﬁ"i’o(']l‘), sending (R,,,1d) to id. The differential at (R,,,1d)

(§F,0h) + Py (L(D?*3F)).

does not involve §h. Therefore, if F is close enough to R, this map will have a unique
fixed point h = FH(F’) close to the identity. This fixed point satisfies
(B.1) P*(®(F,h)) = Nyho R, — Nih .
We will see below that this imply
(B.2) (DLogDF o h)(Dh) = DLogDh o R,, — DLogDh .

From (B.2), we get LogD(F o h) = LogD(h o R,,) + ¢ by integration. As the integral
over T of both D(F o h) and D(h o R,,) is equal to 1, the constant ¢y must be equal to 0.
We conclude that F'o h = R; o h o R, for some ¢ close to 0.

To see that (B.1) indeed implies (B.2) we introduce the map

(¢, h) = = Agp
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0 2 0
from Cg(T) x Diffy (T) to Cf(T) defined by

DAY = %z/ﬂ + 9 DLogDh — c(v, h)

c(w.h) = [ (5" + vDLogDR), [ Av =0,

This map is of class C'*. The differential w.r.t. ¢ at ¢» = 0, h = id is the identity; therefore,
as long as h is fixed close to the identity, it is a C! diffeomorphism from a neighborhood
of 0 € C§(T) to another neighborhood of 0 € C§(T).

Let 49 = (DLogDF o h)Dh. We have

Dty = (D*LogDF o h)(Dh)?+ (DLogDF o h)D?h
1
DAyy = 5(DLogDF o h)?(Dh)? 4 (DLogDF o h)(Dh)DLogDh — ¢(1g, h)

D(¢o — Atpg) = (SF o h)(Dh)* + c(¢bo, h),

and therefore 1)y — Ay = P*(®(F, h)).
On the other hand, let »y = DLogDh o R, — DLogDh. We have

DAY, [((DLogDh o R,,)* — (DLogDh)?]

1
T2
hence Y1 — AY; = N1ho R, — Nyh.

Equation (B.1) means that )9 — Aty = 11 — At1. We conclude that g = 11, i.e
equation (B.2) holds.

APPENDIX C. ROTH-TYPE TRANSLATION SURFACES

Let (M, 3, () be a translation surface with no vertical connexion, I an open bounded
horizontal segment in good position, 7" = 17 the i.e.m. on  which is the return map of the
vertical flow.

Let A the alphabet used to describe the combinatorics of T', 7 the combinatorial data of
T, D the Rauzy diagram having 7 as a vertex. Let v(7T") be the rotation number of T" (cf.
subsection 2.4): this is an infinite path in D starting from 7 . As in subsection 3.3, write
+(T') as an infinite concatenation

YT) =(1) - xy(n) x- -
of finite complete paths of minimal length, and define , for n > 0

For n > 0, let (™) be the i.e.m. obtained from 7' by the Rauzy-Veech steps corre-
sponding to (1) - - - xy(n) ; T is the return map of 7' (or of the vertical flow) on some
interval (™) C I having the same left endpoint than I = I(©).

We first deal with condition (a) in the definition of a Roth-type i.e.m. (cf. subsection
3.3).

Proposition C.1. The following conditions are equivalent:
(1) Condition (a) of subsection 3.3 is satisfied by T': for all T > 0,
O(l[B(n)[|")-
(2) Forall T > 0, we have max 4 |Lt)j(n)| = O(ming |I§(")|1*T).

Z(n +1)|| =
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(3) Forall T > 0, there exists C = C (1) > 0 such that, forall 1 < i,j < d—1, all
x € landall N > 0, we have
min |T*(u?) — uf| > CTINTIT
0<I<N

and

min_[T(u?) — 2| <ON77 min [T7%(ul) — 2| < ON7HT.
0<E<N 0<t<
(4) Forall T > 0, there exists C = C(1) > 0 such that, for any vertical separatrix
segment S (ingoing or outgoing) with an endpoint in 3 of length |S| > 1, and all
P € M, there is an horizontal segment of length < C|S|™177 from P to S, but
there is no horizontal segment of length < C|S|~1=" from a point of ¥ to S.

Proof. We will show successively that (1) is equivalent to (2), that (3) is equivalent to (4),
that (1)-(2) implies (3) and that (3) implies (2).
e (1) & (2) . Recall from the proposition in [MMY 1, p.835] that one has always
max. |L§j(n)\ > [|B(n)||7YI| = ming |L§’(n)| and that (1) is equivalent to

max |14 ] = (|| B(w)|[" min [T, ¥r > 0.

The equivalence of this last relation with (2) is clear.

e (3) & (4) . Represent (M,%,() as a collection of rectangles whose top sides
are the I° and the bottom sides are the I’. The u}, 1 < i < d — 1, are the last
intersection points of I with the d — 1 ingoing separatrices, while the u?, 1 < i <
d — 1, are the first intersection points of I with the d — 1 outgoing separatrices.
As the return times to I (the height of the rectangles) are bounded from above
and bounded away from 0, the length of a (long enough) vertical segment and
the cardinality of its intersection with I are comparable. This makes clear the
equivalence of (3) and (4).

e (1) + (2) = (3). We start with a result of independent interest. Recall that the
return time o (n) of 75" in I(") is given by ro (n) = Y5 Ba,s(n).

Lemma C.2. Assume that property (1) holds. Then, for all T > 0, there exists
C = O(7) > 0 such that the entrance times r?(n) of u? under T in I™ and the
entrance times rt(n) of ut under T~' in I satisfy, forall1 <i<d—1:

ri(n) = CTHIBM)|'T, ri(n) = CTHIBM)I['T

K2 K2

Proof of lemma. Recall ((MMY 1,p.833] and [Y4, Proposition 7.12, p.30]) that
the product of 2d — 3 consecutive matrices Z(n) have only positive coefficients.
It follows then from the formula for the 7, (n) and property (1) that, for all 7 > 0,

(minrq(n)) =" = O([B(n)]| 7).

Let 1 <i<d—1,andlet a* € A be the letter such that u? is the left endpoint of
I%.. Observe that a* # ,a. We have the following dichotomy:
- Either all arrows of v(n 4 1) with loser o* are of bottom type. Then
we have 7(n + 1) = r%(n).
-Or v(n + 1) contains one arrow of top type with loser a*. Then we
have
rP(n+1) > rt(n) + rr;ilnra(n).
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But the first case cannot happen more than d 4 1 consecutive times: each time
pev is a winner (necessarily of an arrow of top type), m, (™) goes up by 1; once
mp(a*) = d, the next arrow with winner o* is of bottom type; and any sequence
of arrows of bottom type with winner o* is followed by an arrow of top type with
loser a*.

We get in this way the estimate for 7(n). The proof for rf(n) is similar. ]

We now assume that (1)-(2) hold . We prove the first inequality in (3). Let
N > 0. Let n be the smallest integer such that N < 7%(n). From the lemma,
we have N > r?(n — 1) > C~||B(n — 1)||*~7, which gives also using (1) that
N > C7Y|B(n)||'~2". On the other hand we have with this choice of n that

. O by ot -7t (n)
omin |T5(ug) —ugl > min |17

CHIBm)|I7 T

=
> C/l_lN_llj;r.

As 7 > 0 is arbitrary this proves indeed the first inequality of (3).

We now prove the second part of property (3), regarding the forward orbit of
u? (the proof for the backward orbit of u! is similar). Let a* € A, a* # ,a be the
letter such that u? is the left endpoint of I%... Let n be the largest integer such that
N > 2B(n); we can assume that n > 3d + 4 and we have from property (1)

1B(n)]|~H = O(N~HT).
By an argument given in the proof of the lemma, there exists in the path v(n — d) x
...*%7(n) an arrow of top type with loser «*. This corresponds to a forward iterate
T™(ub) with 0 < m < ||B(n)|| which belongs to I(®~4=1) but is not one of the
endpoints of the Lt)j(n_d_l), a € A. Let * € A such that T (u?) € I;;(n_d_l).
Consider the orbit segment
T ), m <L <m+rg-(n—d—1).

Observe that m + rg-(n —d — 1) < N.
One has a partition mod.0 of I by the intervals

THIEM=34D) q e A, 0 <k <ro(n—3d—4).
By ((IMMY1,p.833] and [ Y4, Proposition 7.12, p.30]), every interval Tk (Ié’("_3d_4))
contains at least an interval T (I;’*("_d_l)) with 0 < k& < rgu(n —d — 1), and
this last interval contains Tm+k,(u§’). Choosing k, o such that x belongs to the

(I&’("fgd%)), we have

closure of T*
o — T ()| < ),
But we have, for all 7 > 0, from property (2)
154D = 0(][B(n —d = 1)[| 7).
Using once again property (1) and the definition of IV, we have
|Il1;,(n—d—1)| — O(N~+T)

for all 7 > 0, which gives the required inequality.
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e (3) = (2). Assume that property (3) is satisfied. Let n be an integer and let

« € A. First assume that o # v, o . Then the length of Igj(") is given for some
1<i<j<dby

b b
12 = 770 (uf) — 775 (uh)].

b

Assume for instance that r(n) < r}(n) and write r := r}(n) — r%(n). After

i

r;? (n) backward iterations, we get |Igj(")| = |u;’ — T"(u?)|. This already gives a
bound from below for I, fj;(") when r < 1; otherwise, iterating backwards once (if
a # o) or twice (if o = o), we get [I5™)] = |uf, —T"=*(ub)| for some j and

some ¢ € {1,2}. As the entry times r?(n), 7r%(n) are bounded above by the return
times 7, (n), o € A, which are themselves bounded by ||B(n)||, we get from the

first inequality of (3) that
120 = OB, ¥ > 0.

The cases a = p and o = ¢, involve the endpoints of 7(™) and require a slightly
different argument that we omit, but lead to the same estimate.

We now turn to a bound from above for |I(™)|. Let & € A be the letter such that
74 (n) is the largest return time in (™). We have that r,(n) = ||B(n)|| (choosing
as norm the greatest column sum). Assume first that &« # pa, . There exists
1 < 4,7 < d— 1 such that u! is the left endpoint of Trf,(n)(]é;(")), u? is the left
endpoint of T3 (Ig’(”)), and r (n) = rf(n)+r?(n)+1. Assume for instance
that r?(n) > r{(n) hence %(n) > 3|[B(n)||. For 0 < m < r%(n), we have
™ (ug’) ¢ I™) by definition of the entrance time. Choosing N = 7’? (n) and for
x the middle point in 7(™) in the second part of property (3) gives

1= 0(lIB)|I7H7).

The cases o = pa, @ = « involve the left endpoint ug of I and require a minor
modification of the argument, but lead to the same estimate.

These two bounds on the |7, Z’(”>| clearly imply property (2).

We now can prove what was announced in subsection 8.3

Corollary C.3. Assume that (M, () is a translation surface of (restricted) Roth type.
Then Tt is an i.e.m. of (restricted) Roth type.

Proof. We have to check that 77 satisfies condition (a) , (b), (c) of subsection 3.3 , and
also (d) in the restricted case. By assumption, there exists an open bounded horizontal
segment I” in good position such that the return map T° of the vertical flow to I” is an
i.e.m. of (restricted) Roth type. Therefore, property (1) in the proposition is satisfied by
T". Then, property (4) is satisfied by (M, 2, ¢). Applying a second time the proposition,
we conclude that property (1) is satisfied by 7. This is condition (a) in subsection 3.3 .
For conditions (b), (c) (and (d) in the restricted case), one has only to observe that, once

(a) is satisfied, they can be formulated directly in terms of the continuous time extended
Kontsevich-Zorich cocycle over the Teichmiiller flow in moduli space (without reference
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to the horizontal segment I). The main point is that the continuous times ¢,, corresponding
to the integers n in B(n) satisfy

lnt1 = O(t711+7)

for all 7 > 0, so they are "dense enough" to imply the same conditions for all times ¢. We
leave the details to the reader. (]
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