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[lecture 15 Anlintroduction tordynamical systems and te time: series. Periodic and
dguasiperiodic motions. (iueJan 13, 2 pm'- 4 pm Aular Bianchi)

[ecture 2: Ergodicity. Uniform distrbution of orbits: Return times. Kac ineqguality.
Mixing (MhuJan 15, 2 pmi- 4 pm Aula Dinr)

['ecture 35 Kelmogoroev-Sinai' entropy. Randomness and deterministic chaos. (iue Jan
27, 2 pm -4 pm Aula Bianchr)

[lecture 45 lime series analysisiand embedology. (htu'Jan 29, 2 pm -4 pm BinI)
['ecture 5; Eractalsiand multifiractals: (Thurkeb 12, 2 pm - 4. pm’ Dini)
[lecture 65 The rhythms of life. (ue Feb 17, 2 pmi- 4 pm Bianchi)

llecture 7: Financial time series. (Thu Feb 19, 2 pm -4
pm: BDin)
[lecture 8: Tihe efficient mankets hypothesis. (ue Mar 3, 2 pm - 4 pm| Bianchi)

[lecture 9: A'random walk-dewn Wall'Street. (hu Mar 19, 2 pm - 4:pm: Dini)

['ecture 105 A'non-random walk-down Wall'Street. (hue Mar 24, 2 pm — 4 pm
Bianchi)



Seminar [; Waiting times, recurrence times ergodicity, and quasiperiodic
dynamics (D:H: Kim, Suwoen, Kereay ThuJan 22, 2 pm - 4 pm Aula Dinr)

Seminar [1: Symbolization off dynamics. Recurrence rates and entropy. (S.
Galatolo, Universita dit Pisa; Tiue Eeb 10, 2 pm - 4 pm Aula Bianchi)

Seminar [I1; Heart Rate Variability: a statistical' physics point offview: (A.
Facchini, Universita di'Siena; Tiue Feb 24, 2 pm - 4 pm Aula Bianchi')

Seminar IV: Study of: a population model; the Yoccoz-Birkeland model (.
Papini, Universita difSiena; Thu kFeb 26, 2 pm' - 4 pm Aula Dini)

Seminar Vi Scaling laws in economics (G. Bottazzi, Scuola SUperore
Sant/Anna Pisay liue Mar 17, 2 pm' -4 pmiAula Bianchr)

Seminar VI: Complexity, sequence distance and heart rate variability (M.
DeglitEsposti, Universita di'Bologna; Thu Mar 26, 2 pm - 4 pmiAtla Dini’)

Seminar VIIL: Eorecasting (M. Lippi, Universita di
Romaj late april, TBA)



Nioday’s bipliegrapnhy:

R. Cont “Empirical’ properties of:asset returns:
stylized facts and statisticaliissues™ Quantitative

Finance 1 (2001) 223236

LA RO R USSIE U Y Pa0ERErSO/amacont/papers/empincalipal;

S.J. Traylor —Assct Price Dynamics, Volatility, and
Prediction® Prmceton Univensity: Press (2005).
Chapters 2 and 4

Steven Skiena CSE691 Computational Finance class
at Stony: Brook:
Nttp://MAY.CS.sunysh.edu/~skiena/691/


http://www.proba.jussieu.fr/pageperso/ramacont/papers/empirical.pdf

Eree sources ofi financial time
SEerIes

finance.yanoeo.com U'S. and Eurepean stocks,
many. INAdICES

W, Tederalreserve.gov/releases/  Currencles, etc.

WAARAECIOAGEIRCONTY. Commodities

VARNESOINGEXSCONTY. Various quantitative idexes

WAL [IRGEXESICONT) Various Indexes



http://www.crbtrader.com/
http://www.sgindex.com/
http://www.djindexes.com/

Fundamentals of investing

Investment returns are strongly related to their risk level

Usually and loosely. risk Is guantified using volatility: (Standard deviation)

'S, Tireasury. bills /londs (short/long term bonds Imonth-1year/ 2-30 years ):
very safe (until'now. .. ) and very low/medium: yield. Most of the price
uncertaimnty: for longer term bonds comes from the effect of inflation

LIRS inflation indexed bonds Which guarantee a positive reall return

Stocks: risky: but higher returns (on'the long run...). Companics sell shares of
stock to raise capital: they  go public® by agreeing to sell'a certain numiber: of
shares on an exchange. Each share represents a given fraction of:the ownership
ofithe company.

Certain stocks pay. dividends, cash payments reflecting profits returned to
shareholders. Other: stocks reimyvest all returns back into the business.

In principle, what people will pay: for: a stock reflects the health ofits current
PUSINESS, future Prospects, and expected returns. But the current price ofia Stock
Is completely determined by what people are willing to pay. for it. If:there were
no differences of:opinion as to the value of:a stock, there would be no trading.




Analisi dei rendimenti degli indici S&€P500, Lehman Long Term Government
Bonds, MSCI Europe Australasia Far East, FTSE North American Real Estate
Investment Trusts e Goldman Sachs Commodities Index dal 1973 al 2007.
Tratto da “The case for multi-asset investing. Combining asset classes to

enhance riskireturn potential”, Jennison Dryden-Prudential Investment
disponibile online al link :
http:llwww.jennisondryden.comiviewl/upload?docURL=/WDocs/45FBI E8429
86A540852573E2006BA8C8/$File/|D2065MultipleClass.pdf&docType=pdf

Portafoglio
Pericda SEP 500 Lehman MSCI EAFE FTSE Goldman Pﬂﬂﬂrﬂgrlﬂ A 20%

Long-Term NAREIT Sachs3 dassico:  SEPS00
0% Bonds
total Govern- total Equity Commo- 50% 20% EAFE
1973-2007 rFeturn L rFeturn Index dities S&P500 20%
Bond Index MNAREIT
F:E"fj""lf i)
medin 097% BE0E 9% 3. 6% 097% 0.3 1% 227%
eviaFiane
standard 23% 43% 21 BE% 21 5A% 14 48% BT 3 36%
miglare 37 43% 47 8% 63 54% 47 59% T4 GE% 34, T 299 |%
:sgé are 26.74% BT -23.19% 21 A0 35.75% 0o% 9 35%
st T1% BOR T4% RO T4% RO 3%
- A7
sta Aafn £8 (Otoora CB s/




Einanciall markets

An exchange Is a place where buyers and sellers trade securities such as Stocks,
pONAS, opLiIens, futlres, and commodities.

Each stock is typically traded on a particular exchange. Each exchange has
different rules about the qualifications of:companies which can be listed on
It.EXchanges also differ i the rules by Which they: match buyers to sellers. Tihe
exact trading rules and mechanisms can have a significant Impact on'the price one
gets for-a given Security:

[ihe strengthiof:an exchange's rules and therr enforcement Impacts

the confidence ofinvestors and ther-willingness to Invest.

Exchanges provide liquidity, the ability to buy and sellisecurities quickly,
Inexpensively, and at fair market value.

In'general; the more trading that oCCurs in a security, the greaterits liquidity.



Bonds, Commodities and
CUrrencies

trade bonds (¢ loans®) made to governments and companies,
Bond prices vary according to the term (length of:time) ofithe loan, the interest
rate and payment schedule; the financial strengthiofthe borrowing party, and
the returns avarlable from other investments.

are types of:goods which can be defined so that they are largely.
indistinguishable interms of:quality (€.g. orange juice, gold; cotton, pork
pellies). Commogdities markets exist to trade suchiproducts; fromibefore they.
are produced to the moment ofishipping. Agricultural futures sell'the right:to
DUy a certamnamount ofia commodity. at a particular-price at a particular point
In the future. Tine existence ofiagricultural futures gives suppliers.and
COnSUMmEers Ways to protect themselves from unexpected changes In Prices.
[ihe prices ofiagricultural commodities are affected by changes nisupply and
demand resulting from weather, political; and'economic forces.

[ihe largest financial markets by volume trade different

typPEs of: currency, suchias dollars, Euras; and Yen.
Jihe spot price gives the cost ofbuying a good now, While futures permit one



Stock prices and INAICES

Stock indices are typically weighted averages ofithe prices ofithe
component stocks. Usually the weights are proportional to the
market capitalization= (price ofia share)=(numober of:existing
shares) of:the stock.

ine same formulae as before are used to calculate returns from
Index levels. \/ery often dividends are excluded fromithe
Index.

[Dow: Jones IndustrialtAverage: 30/ ULS: Stocks (Corresponding to
30/ leading companies), price Weighted

S&P500: 500/ ULS. stocks, capitalization weighted
Stoxx 6005 600 european stocks, capitalization weightea



Stocks, bonds, bills'and: inflation

IR the UK from! 1900 to 2007

Figure 4: Cumulative returns on UK asset classes in nominal terms, 1900—-2007
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Source: ABN AMRO/LBS Global Investment Returns Yearboox 2008, chart 12



Annualized real (after inflation) returns

o bonds and stocks: 1900-200Y

Figure 5: Real returns on equities versus bonds internationally, 1900-2007
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Source; ABN AMRO/LBS Global Investment Returns Yearbook 2008, chart 14



Stock market crashes; (before

2008)

GLOBAL INVESTMENT RETURNS BOOK Z00B

Figure 6: Extremes of equity market history, 1900-2007
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Volatility off stocks

[During the period 1900-2007, UK®s standard deviation of 19.8%
places 1talongside the US (20:0%) at the IoWer end of:the risk
spectrum. Tine nighest volatility markets were Germany. (32.3%);
Japan (29.8%), and ltaly:(28.9%); reflecting the impact of:wars

and infiation.



Chicago Boardi@ptions Exchange \olatlity/ Index; a popular
measure ofithe implied volatility of: S&PS00 Index options. A Righ
ValUe corresponds to a more volatile market and therefore more
costly options, Whichican be used to defray risk from volatility. I

INVESLOrS See NIgh risks ofia change 1IN Prices, they require a greater
premiumito msure agamst suchia change by selling eptions. Often
referred to as the fear index; It represents one measure ofithe
market's expectation ofvolatility, over: the next 30'day Perod.
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http://en.wikipedia.org/wiki/Volatility_(finance)

Daily returns ofi General Motors
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Volatility clustering

Jime series plots of:returns display. an important feature that IS
usually:called volatility clustering. Tinis empiricaliphenemenon
Was first 0served by Mandelbrot (1963); Who said ofprices that
“large changes tend'to be followed by large changes— O eIther:
sign—and 'small changes tend to e followed by small
changes.Volatility clustering describes the general tendency: for:
markets tohave seme periods of:highivelatility and ether perods
ofilow volatility. High velatility produces more diSpersioniin
returns than low velatility; se that returns are more spread out
when voelatiity isthigher. A high velatiity clusterwillicontain
several large positive returns and several large negative retunms,
out there will“be few, Ifiany, large returns i a low: velatiity
cluster.



Daily returns off GM after normalization
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S&PS500 1950-early 2008




Speculation anad hedging

are investors who deliberately assume the risk ofia less,
IN returnfor the uncertam possibiity ofia reward. ey Bet on
future events. For example, they Willioty a stock Becatse they think

itwilligo up.

are INVEStors Who trade so'as to reduce thelr exposure 1o
risk. Forexample; they will'beth buy: and short a Stock
simultaneously.



ihe economic benefit off speculation

Tihe welltknownispeculator \ictor Niederiofier; descries the benefits of
speculation:

“[et's consider some off the prnciples that explam the causes of shortages and
surpluses and'the role ofispeculators. \When'a harvest Is toe small to satishy
consumptioniat 1ts normalrate, speculators come In; hoping toprofit fromithe
scarcity By buying. TheIr pUrchases raise the price, thereby checking consumption
so, that the smaller-supply will'lastlonger. Producers encouraged by the Righiprice
furtherlessenthe shortage by, growing or- Importing to reduce the shortage. Onithe
other:side; When the price Is higher: than the speculators think the facts warrant,
they sell> IS reduces Prices, encouraging consumptioniand exports and helping
toreduce the surplus.”

Another service provided by speculators to a market Is that by risking their
own capitalimithe hope ofiprofit; they add liquidity to the market and make It
easier: for others to offset risk; mcluding these Who may. be classified

as/hedgers and arbitrageurs.


http://en.wikipedia.org/wiki/Victor_Niederhoffer
http://en.wikipedia.org/wiki/Victor_Niederhoffer

Arbitrage

IS a trading strategy Which takes advantage of:two or
MOre SeCUrities Bemg Icoensistently. priced relative to each other:
IR financial'and econemics theony arpitrage Is the practice of
taking advantage ofia price differential between twao ofr;
MOre markets or assets: strking a compbination ofimatching deals
that capitalize uponithe imbalance, the profit beIg the difference
PELWEEN the prices, When used by, academics, an arbitrage Is a
transaction that Invelves no negative cash flow: at any.
probabilistic or temporal state and'a positive cashi flow in at least
one state; i simple terms; a
Advanced arpitrage technigues invelve sephisticated
mathematical analy/sis and rapid trading.



More arbitrage and market
efficiency.

Tihe classicaljoke on arbitrage and market efficiency: A finance
professor and a normal persen go on a walk and the noermal
person sees a 100 billtlying onithe street. WWhen the normal
PErseRIWants to pIcK It Up; the finance Professor says:

‘Don’t try to do that! [t 1S abselutely impossible that there 15 a
100% billtlying on the street. Indeed; 1t were Iying on the Street,
somebody: else would already have picked it up betore you® (end
ofijoke).

How: about financial markets? Tihere it Is already, much more
reasonanle (e assume that there are no L00bilisiying around
Waiting to be picked up. VWe shall call suchropportunities of
picking up moncy: that'1s “lyimg around” anbitrage POSSI-

pilities. et us llustrate this with an easy example.



Stock Returns

ISt p; DE a representative price fora stock miperiedit (final
transaction price or: final guotation auring the period). Assume that
the buyer pays the seller immediately for: stock bought:

I"et d; e the present valte of aivIdends, PEr share; distrbuted to
those people whoeown steck during perodit: Onralmost all days
there are no dividend payments — d, = 0: Semetimes dividend
payments are simply 1gnered; so then'd; = O'ferallidays t

Jiree price change quantities appear i empirical researchn:

5= Py + 0 = Peg

= (P + 0 — Pry)/ Py simple net returni(arthmetic)
I = log(p; + d; )~ log Py |0g returns (geometric)

[ine return measures Iy and s are Very simiarnumuers; since
L+r=exp(r)=1+r+%r2+ .

and'very rarely are daily returns outside the range from — 105 to
10%. It'1S common torassume that Single-period geometrc returns
follow a normalrdistrioution:
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Historical arithmetic and geometric annual returns for the Norwegian and U.S.
stock market (1970-2002). Tihe historical annualvolatilities inithe two markets are
very. different: 18% for the U.S. market and44% for: the Norwegian market. From
“Statistical modelling of financial time series: An introduction” K. Aas, X.

DIMakos(2004) Shttp:/Wwiwenreno)/hles/samba)/biiySAVBAVBOZPdf;


http://www.nr.no/files/samba/bff/SAMBA0804.pdf
http://www.nr.no/files/samba/bff/SAMBA0804.pdf
http://www.nr.no/files/samba/bff/SAMBA0804.pdf
http://www.nr.no/files/samba/bff/SAMBA0804.pdf
http://www.nr.no/files/samba/bff/SAMBA0804.pdf

Multiperiod returns

Nihe multiperiodilog returnis simply: the sum of:the log retums.

Multiplying simple net returns them gives the returniover: a longer
Period (We Ignore dividends for simplicity):

L+ 4Kl = Pl Prsc = Wieg ™ Pel Projor = Micg " (LH1)

OVer Kk periods the growth rate of:the asset IS the geometric mean
ofithe returns

RIEK] = (1 (147)) -1



Jihe appropriate frequency. oft 0SErVAtIonS INia PrICE SErIES
depends on the data avallable and the guestions that mnterest a
researcher. lihe time interval between prices ought to e
sufficient (6 ensure that trade eccurs In most mntervals and It IS
preferable that the volume of:trade Is substantial.\/ery often,
selecting daily prices will' be both appropriate and convenient.

Tihe additional information INCreases the PoOWer of: RYPOLAESIS
tests, It Improves volatility estimates, and It 1S essential for
evaluations of:trading rules. The number of elservations I a time
Series ofidarly prices should e sufficient (6 permit pOWerful tests
and'accurate estimation ofimodel parameters. EXPErIENCce SROWS
that at least four years ofidarly prices (more than 1000
OlServations) are often required torebtarn mteresting results;
NOWEVET, eIght o more years ofi prices (more than 2000
olservations) snould be analyzed Whenever possIbIE.



Statistical analysis ol a time series:
moments ofi the prebability distrbution

nmealn

variance

standard deviation

skewness

kurtosis




_ 1 l fx— :
f(,r}_g lTexp(—E( - )) (3.1)

This density has two parameters: the mean u and the variance o % of the random
variable. We use the notation X ~ N{u. o~} when X has the above density,

A linear function of a normal variable is also normal, If X ~ N(u. ¢?) and
Y =a -+ bX,then Y ~ N(a+ by, b*a?). In particular, witha = —u /o and
b=1/a,

X —pu

g

X ~Nu.o?) = Z= ~ N0, 1).

We call Z the standard normal distribution. Its d.f. is simply

flz)= exp(—4z7). (3.2)

1
& 2m
and we may denote its c.d.f. by @(z), which has to be evaluated by numerical
methods. The probabilities of outcomes for X within particular ranges can be
calculated from

_Hagxghy=¢(h_#)—m(ﬂ_#)

g o

‘The density of the normal distribution is symmetric about its mean p. Symmetry
ensures that all the odd central moments are zero and therefore the skewness of
the distribution is zero. The second and fourth central moments are respectively
o and 3%, so that all normal distributions have a kurtosis equal to three,

Exponential functions of normal variables are often encountered in finance.
The general result for their expectations is

E[e“X] = explup + %uzr:rz}. (3.3)




lognoermal distrbution

A random variable ¥ has a lognormal distribution whenever log(¥') has a normal
distribution, When log(¥Y) ~ N, o), the density function of ¥ is

] ! IDEE}'}—#)E)
—_ . ; ().
fiy)=14voln EKP( 2( a I e (3.4)

0, y < 0,

From equation (3.3), E|¥"] = exp(nu + %HEEE} for all n. Consequently, the
mean and the variance of ¥ are

El¥Y] =exp(u +307) and var(¥) = exp(2u + o) (exp(a”) — 1.

The mean exceeds the median, namely expig ), reflecting the positive skewness
of this nonsymmetric distribution,



Higher moments: simmetry: of
the distrbution and fat tails

o measures simmetry. of the data
about the mean (third moment)

o peakedness of the distrbution
relative torthe nermall distrbution: (hence
the -3 term)

o Nas
POsSIitive KUrtosIs



Correlation between two: data series

W, randomi variables with expectations p(w:) and (o)
o) = (=)= plwo)= ]

Tihe ol @IS

p(W;¢)=Covariance(y;, )/ (c(W) c(9))
= w (v () (0= (@)1 /- (c(v) 6(0))
= O A G (@) VA (0 e (@)

qihe correlation coefficient varies between -1 and 1 and equals 0
for independent variables but this IS enly a necessary. condition
(e.g. o uniferm on: -1, L] has zero correlationwith Its square)



Sample correlation coefficient
pDetween two finite Series off data

{a;} for i=1,....N Ay;} for i=1,... N




Autocorrelation function

N with 2=0 and o> =1

N —71
1 Tpgrty T =0




Stationarity.

J all parameters ofithe data series statistical distribution
MUSE be time-Independent

A stochastic process { X} 1s strictly stationary if the multivariate, cumulative

distribution functions of (X;, X;—1..... Xj—p—1) and (X;. Xj—1..... Xj=p—1)
are identical, for all integers ¢, j and forall & = 0,
- We only reguire that the first tWo moments
(mean and variance) are constant

- can for example e moments ofithe provabIlity
distribution, but alser Coefficients In differential equations or:
aULOregressIVe Processes.




llests of stationarity.

s Moving window.analysis: Divide a long time Seres in
shorterwindoews and analyze these snoert WInAoews

separately.

" [For example split the seres Into two parts, compute
mean and variance and compare (rememier that the
standard error-will be c/A/N)




3.3, Stationary Stochastic Processes
Taylor, Asset Price Dynamics, Volatility and Prediction, P.U.P. (2005)

Definitions of ten types of stochastic process,

Table 3.1.

31

A process is..,

If...

Strictly stationary

Stationary

Uncorrelated

Autocorrelated

White noise

Strict white noise

A martingale

A martingale ditfference

Gaussian

Linear

The multivariate distribution function for & consecutive
variables does not depend on the time subscript attached
to the first variable (any k).

Means and variances do not depend on time subscripts,
covariances depend only on the difference between the
two subscripts,

The correlation between variables having different time
subscripts 1s alwavs 0,

It is not uncorrelated.

The variables are uncorrelated, stationary and have mean
equal to 0,

The variables are independent and have 1dentical distribu-
tions whose mean 1s equal to 0,

The expected value of variable ¢, conditional on the infor-
mation provided by all previous values, equals variable
r=1.

The expected value of variable 1, conditional on the infor-
mation provided by all previous values, always equals 0,

All multivariate distributions are multivariate normal,

It 1s a linear combination of the present and past terms
from a strict white noise process,




(Gaussian Process

A process Is called Gaussian ifithe multivariate distribution of
the consecutive Varables (0% 1, Xt 5, -, Xep) IS multivariate
normal for allfmtegers t and k. A stationary Gaussian Process
IS alWway/s strictly stationary/, BeECAUSE then the first- and Second-

order moments completely, determinge the multivariate
distributions.



Why white noise?

Autocovariances hr=cov(X;, X;o ) = E[(X; — ) (X oy — )]

Autocorrelation ofia stationary Process (the variance Is constant)

pO = 1’ pt =P -T pr = Ccov(X;, Xiwr) /Ao = A¢ /20

Spectral density function

=2 |1 2i (To)
) w)—zﬂ + P COS(Tw

r=I

Ihe mtegral o1 s(w) from 0:to 27w equals Ay, High values ot s(®)
mignht indicate cyclical benavior With the period of:0ne cycle
equal'to 2/ time units. Eor a white noise the spectral density,
function 1s the same constant for all frequencies @



Non-stationarity: of financial
SEries

IViany/ credible models for returns are stationary. Equity prices
and'exchange rates, ROWEVEr, are not characterized by
stationary. processes. fihe conclusion should net e SUrPrISIng.

[nflation INCreases the expectations of: future prices for many
assets. lihus the first moment changes. Deflating prices could
provide constant expected values. Even then, hRowever, the
Variances of:prices are likely to Increase as time Progresses.

[inis 1s always the case for a random Walk process. If:P,
[EPresents eItner the price or Its logarithm and If:the first
difference Z, = P, — B, has positive varance and Is
uncorrelatedwitniR. = then

Var(P;) = Var(P. + Z;) = var(P._;) + Var(Z; )> var(P. ),

SO, that the variances depend on the time t.



Uncorrelated processes

Tihe simplest poessible autecorrelation 6CCurs WhAen a Process Is a
collectioniof:uncorrelatedirandem varianles sorp, = 1, pr = 0
for-alliz=0

FOr an uncorrelated process the eptimal forecast ofithe Varable Is
simply the unconditional mean:

Uncorrelated processes are often used to model asset returns
PECAUSE they: have seme empirical support and they are
conerent With the efficient markets nypothesis



Taylor, Asset Price Dynamics, Volatility and Prediction, P.U.P. (2005)

34 3. Stochastic Processes: Definitions and Examples

Gaussian white nolse

J

Strict white noise

4 N

White noise «— Stationary martingale difference

J l

Martingale difference

N 4

Uncorrelated, zero mean

Figure 3.1. Relationships between categories of uncorrelated processes, An arrow pointing
from one category to another indicates that all processes inthe former category are also inthe
latter category and the converse is false: some processes in the latter category are not members
of the former category. It 1s assumed that all processes have finite means and variances,



Statistical distribution of returns

Inireal world data analy/sis,
not only. are the true mean
and'standard deviations
Unknoewn: but the type of
distrioution that generated
olserved returns (Ifsany) Is
alSo unknewn.

A simple test for normality,
orovided by the studentizeo
range SR: given a random
varianle x: one defines
SR= (max X;— min x:)/c
It depends heavily onthe
EXIreme ohservations

Fractiles SR{p, T) of the Distribution of the Studentized Range in Samples
of Size T from a Normal Population

7.54

7.80

SIZE OF LOWER PERCENTAGE UPPER PERCENTAGE SIZE OF
SAMPLE POINTS (p) POINTS (p) SAMPLE
T 005 .01 025 050 .10 90 95 975 .99 995 T

1.997 1.999 2000 2.000 2.000 3

2409 2429 2439 2445 2447 4

2712 2.763 2,782 2803 2.813 5

2949 3.012 3056 3095 3.115 6

3.143 3.222 3.282 3.338 3.369 7

3.308 3.399 3.471 3543 3585 8

3449 3552 3.634 3.720 3.772 9

10 247 251 259 267 277 357 3685 3.777 3875 39356 10
1 253 258 266 274 284 368 380 3903 4.012 4.079 11
12 259 265 273 280 291 3.78 391 401 4.134 4208 12
13 265 270 278 286 297 387 400 4.11 4244 4325 13
14 270 275 283 291 302 395 409 421 434 443 14
15 275 280 288 296 3.07 402 417 429 443 453 15
16 280 285 293 3.01 3.13 409 424 437 451 4862 16
17 284 290 298 3.06 3.7 415 431 444 459 469 17
18 288 294 302 3.10 321 421 438 451 466 4.77 18
19 292 298 306 3.14 3.25 427 443 457 473 484 19
20 2956 301 3.10 3.18 3.29 432 449 463 479 4N 20
30 3.22 327 337 346 358 470 489 506 526 539 30
40 341 346 357 366 3.79 496 515 534 554 569 40
50 357 361 372 382 394 515 535 6554 577 59 50
60 369 3.74 385 385 4.07 529 560 570 593 6.09 60
80 388 393 405 4.15 427 551 573 6593 6.18 6.35 80
100 402 400 420 431 444 568 590 6.11 636 654 100
150 430 436 447 459 472 596 6.18 639 664 684 150
200 450 456 467 478 490 6.15 638 659 685 703 200
500 506 6.13 525 537 549 672 694 715 742 760 500
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15 . (linear) autocorrelations of: asset
returns are often msignificant, EXCEPL for very. small intraday. time
scales (= 20 minutes) for Which microstructure effects come 1nto
play.

2. ; the (Unconditional) distribution ofi returns Seems to
display a power-law: or: Pareto-lrke tarl, with'a tarl index Which Is
finite, RIgher than two and'less than five for most data Sets
studred. In particular this excludes stable laws with mfinite
Variance and'the normal distrbution. HoWeVer: the precise form
ofithe tails 1s difficult to determine.

3. . ONe oBsenves large drawdowns 1mnistock
prices and stock mdex values but not equally large upward
moevements



Autoecorreletion of:azuly/ returns and o thelr . Tihe
IS the est power law: fit of:the absolute Values autocorrelations

Index: DJIA (1885-2008)

y = 0.3697x0225
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* Seriel

DJIIA: danly.
return at day; I
VS. return at
o2 \VA 1 5100)0
day/s
(approximately.
1988-2008)




Distribution of returns off DJIA stocks: firom

“Foundations of Finance™; Fama (1976)

TABLE 1.2
Frequency Distributions for Daily Returns on Dow-~Jones Industrials

INTERVALS INTERVALS
R-1.0s(R) < A-15R) < R-20s1R) <
AR<R- 5lA) R<A-1.0sR) R <R -15s(R} » . _ _
and and . _ and R<R- 2R R <R - 3R R <R -4slA) R <A -5slR)
R- 55R) < R+ 5elR) < R+1.0sR) < R+ 1.56(R) < and and and and
R< R+ BslR) AR<R+1.05R) R<R+15(R) R< R+ 20:R) R>A+ 2R R>R+ 3R R >R+ 4R R > A +6s(R)
Expected  Acwal Expected  Actual Expected  Actual Expected  Actual Expected  Actual Expected  Actual Expected  Actual Expected  Actual
T no, no. no. no. no. no. no, no. no. no. no, no. no. no. no, no.
(1) 2 (&) (4 i5) {8 ) (8) 9 (10 () 12 13 (14) (15) (e - an

Allied Chemicat 1,223 4685 562 366.5 349 2248 163 107.7 94 55.5 55 3.3 16 08 4 0007 2

Alcos 1,190 4558 521 356.6 343 218.7 172 104.8 85 54.1 69 3.2 7 o7 0 0007 0

American Can 1,219 466.9 602 365.1 336 224.1 157 , 1074 62 555 62 33 19 08 6 0007 3

AT&T 1,219 466.9 710 365.1 285 224.1 131 1074 42 55.5 51 33 17 .08 9 0007 6

American Tobacco 1,283 491.4 692 384.4 an 2358 138 130 73 584 69 35 20 08 7 0008 4

Anaconda 1,193 456.9 513 357.4 331 2193 204 105.1 88 543 57 3.2 8 08 1 0007 0

Bethlehem Steel 1,200 459.6 575 3595 307 2206 180 105.7 76 54.6 62 32 15 08 2 0007 1

Chrysler 1,692 648.0 736 506.9 493 3110 259 149.1 17 77.0 87 46 16 REI 4q 0010 1

Du Pont 1,243 476.1 539 3724 363 2285 195 109.5 80 56.5 66 34 8 .08 3 0007 1

Eastman Kodak 1,238 4742 546 3709 379 2215 162 109.1 85 56.3 66 33 13 08 2 0007 2

General Electric 1,693 848.4 784 507.2 479 3.2 222 149.2 m 770 97 46 22 n 5 0010 1

General Foods 1,408 639.3 632 ans 423 2588 194 1240 84 64.1 75 38 22 .09 3 .0008 1

General Motors 1,446 5538 682 4332 396 265.8 203 127.4 103 65.8 62 39 13 09 6 0009 3

Goodyesr 1,162 4450 539 348.1 33t 2136 164 1024 n 529 57 3 10 07 4 0007 2
international

Harvester 1,200 459.6 529 3505 365 2206 182 105.7 61 546 63 32 15 08 4 0007 1
International

Nickel 1,243 a76.1 587 3724 362 2285 149 . 1095 72 565 73 34 16 .08 6 0007 0
International |

Paper 1,447 554.2 643 4335 442 266.0 180 | 1275 100 658 82 39 19 09 5 0009 0
Johns Manville 1,205 4615 526 361.0 363 2215 163 | 1062 91 548 62 32 n 08 a 0007 1
Owens 1llinois 1,237 4737 591 370.6 323 2274 188 109.0 69 56.3 66 33 20 .08 3 0007 1
Procter & Gamble 1,447 554.2 726 4335 389 266.0 i 1215 n 658 90 39 20 09 6 10009 2
Sears 1,236 4734 666 370.3 305 227.2 144 108.9 58 56.2 63 33 2 08 8 0007 5
Standard O

(California) 1693 648.4 776 507.2 468 311.2 233 | 1492 2 770 95 46 14 n 5 .0010 )
Standard Oil !

(New Jersey) 1,156 44238 582 346.3 314 2126 139 ' 1018 70 625 51 31 12 07 3 0007 2
Swift & Co. 1,446 553.8 672 4332 409 265.8 194 127.4 85 658 86 38 18 09 4 0009 0
Texaco 1,159 4439 533 347.3 an 2130 164 102.1 95 52.7 56 3 14 07 2 0007 0
Union Carbide 1118 4281 466 3356.0 338 2055 178 98.5 509 67 3.0 6 .07 1 L0007 0
United Aircraft 1,200 4596 550 359.5 348 2206 165 . 1057 77 546 60 3.2 " 08 3 0007 1
U.S, Steel 1,200 4596 495 359.5 337 2206 219 105.7 20 54.6 59 32 8 08 1 0007 0
Westinghouse 1,448 564.6 636 4338 424 266.1 221 | 1278 g5 65.9 72 39 14 09 3 0009 2
Woolworth 1,445 5535 718 4329 390 2656 170 | 1273 a 65.7 76 39 23 .09 5 0009 2

7s::rce. Adapted from Eugene F. Fama, The Behavior of Stock Market Prices.” Jownal of Business 38 (January 1965). |
47-48. |



Table 1.2, constructed from Tables | and 3 of Fama (1965), shows fre-
quency distributions for continuously compounded daily returns for each of
the 30 stocks of the Dow-Jones Industrial Average, for time periods that
vary slightly from stock to stock but which usually run from about the end
of 1957 to September 26, 1962. Column (1) of the table shows the number

The obvious finding in Table 1.2 is that the frequency distributions of the
daily returns have more observations both in their central portions and in
their extreme tails than are expected from normal distributions. For every
stock the actual number of daily retums within .5 sample standard deviations
from the sample mean return is greater than the expected number. Every
stock also has more observations beyond three standard deviations from its
mean return than would be expected with normal distributions; all but one
have more beyond four standard deviations; and all but three have more
beyond two standard deviations.

In more vivid terms, if daily returns are drawn from normal distributions,
for any stock a daily return greater than four standard deviations from the
mean is expected about once every 50 years. Daily returns this extreme are
observed about four times every five years. Similarly, under the hypothesis
of normality, for any given stock a daily return more than five standard de-
viations from the mean daily return should be observed about once every
7,000 years. Such observations seem to occur about every three to four
years.
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4. . S One Increases the time scale At
OVErWhich returns are calculated, therr distribution looks more
and more like a normal distribution. In particular, the shape of:the
distribution IS not the same at different time scales.

5. . returns display, at any time scale, a high degree
ofivariability. ThiIs IS quantified Y the presence ofirregular
QUISES I time Series of:awide variety. of:volatility estimators.

0. . different measures of:volatility display. a
POSItIVe autocorrelation over: severalidays, Which quantifics the
fact that high=volatility events tend to cluster In time.

7. . eVen after correcting returns for
volatility clustering (€.g. via GARCH-type models), the residual
time series still'exhibit heavy, tails. However, the tails are less
neavy. than in the unconditional distripution of returns.
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o) . the
autocaorrelation function ofiabsolute returns decays sliowly as a
function ofithe time lag, roughly.as a power law With an exponent
(e [0:2, 0.4]. TRIs IS sometimes Interpreted as a signiofilong-
range dependence.

O, . MOSt measures of:volatility of:an asset are
negatively correlated with'the returns ofithat asset.

10: . trading velume Is correlated
with all'measures of:volatility.

115 . Coarse-grained measures of

volatility predict fine-scale volatility better than the otherway
round:
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numero giorni >1%

numero giorni <-1%

~—— S&P500 scala logaritmica

L00T/€/T
S00¢/€/1
€002/¢€/1
1002/€/1
666T/€/T
L66T/E/T
S66T/€/T
€66T/€/1
166T/€/1
686T/€/1
L86T/E/T
S86T/€/T
€86T/€/T
186T/€/1
6L6T/€/T
LL6T/E/T
SL6T/E/T
€L6T/E/T
TL6T/€/T
696T/€/1
L96T/€/T
S96T/€/1
€96T/€/1
196T/€/T
6S6T/€/T
LS6T/E/T
SS6T/€/T
€S6T/€/T
1S6T/€/T




An autoregressive conditional heteroscedasticity (ARCH, Engle
(1982)) model considers the variance of the current error term to be a
function of the variances of the previous time period's error terms.
ARCH relates the error variance to the square of a previous period's
error. It is employed commonly in modeling financial time series that
exhibit time-varying volatility clustering, i.e. periods of swings
followed by periods of relative calm.
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2. Prices and Returns

Taylor, Asset Price Dynamics, Volatility and Prediction, P.U.P. (2005)

Table 2.2. Descriptions of twenty time series of daily returns,

Spot or Inclusive dates No. of
Returns series Futures  Market From To returns
S&P 500-share S  New York 01/07/82  30/06/92 2529
S&P 500-share F  Chicago (CME) 01/07/82  30/06/92 2529
Coca Cola S New York 03/01/84 31/12/63 2529
General Electric S New York 03/01/84 31/12/93 2529
General Motors S  New York 03/01/84 31/12/93 2529
FT 100-share S  London 02/01/85 30/12/94 2529
FT 100-share F London 02/01/85 30/12/04 2529
Glaxo S London 04/01/82 31/12/91 2528
Marks & Spencer S  London 04/01/82 311291 2528
Shell S  London 04/01/82 31/1291 2528
Nikkei 225-share S  Tokvo 07/01/85 30/12/94 2464
Treasury bonds F  Chicago (CBOT) O1/12/81  29/11/91 2528
3-month sterling bills F  London 05/01/83 31/12/92 2527
DM/S F  Chicago (CME) 01/12/81  29/11/91 2529
Sterling/$ F  Chicago (CME) 01/12/81  29/11/91 2529
Swiss franc/$ F  Chicago (CME) 01712781  29/11/91 2529
Yen/S F  Chicago (CME) O1/12/81 29/11/91 2529
Gold F  New York (COMEX) OI/12/80 30/11/90 2522
Corn F  Chicago (CBOT) 01/12/80  30/11/90 2528
Live cattle F  Chicago (CME) O1/12/80  30/11/90 2529




4.3. Average Returns and Risk Premia 53
Taylor, Asset Price Dynamics, Volatility and Prediction, P.U.P. (2005)

Table 4.1. Summary statistics for time series of returns,

Series 10%F 10% b k G% A% A% 2
S&P 500-share S 642 098 —-067 1044 1762 1923 1905 330
S&P 500-share F 360 135 -055 1010 9.53 10.85 12,08 1.34
Coca Cola S 1167 169 008 568 3433 3689 3930 346
General Electric S 742 151 003 543 2065 2235 2417 248
General Motors S 558 176 013 456 1516 1745 19797 159
FT 100-share S 360 097 -019 594 9,55 10,47 10,86 1,87
FT 100-share F 144 1,12 -023 579 372 452 5.38 0.65
Glaxo S 1473 179 033 693 4515 35430 51,16 4,14
Marks & Spencer S 725 166 003 440 20,14 2330 2439 220
Shell S 763 130 023 518 2129 23,14 2391 295
Nikkei 225-share S 217 133 035 10,14 550 8,75 7.82 08l
Treasury bonds F 273 078 009 458l 7.14 7.65 7.97 1.75
3-month sterling bills F —Q52 016 229 5984 -—-131 -—-128 -—128 -1.64
DM/$ F 021 074 027 519 0.53 1.61 123 0.14
Sterling/$ F 060 076 028 3571 1,53 3.13 227 040
Swiss franc/$ F —-054 082 022 457 -135 0,14 -052 -033
Yen/$ F 085 068 037 666 2,18 324 278 063
Gold F —535 133 —006 670 —-1263 —-1096 -—-1066 =202
Com F —-399 120 -014 636 -9359 —698 -—-792 —166
Live cattle F 287 099 -013 337 7.52 8.79 887 145

S and F respectively indicate spot and futures returns, The sample sizes n are between 2460 and 2560
and are listed in Table 2.2, 7, 5. b. and k are the mean. standard deviation, skewness, and kurtosis for a
sample of returns, as defined in Section 4,2, The crash week, commencing on Sunday. |18 October 1987,
is excluded when the stock skewness and kurtosis figures are calculated, z = ﬁi/.s. The average annual
return estimates G, A, and A™ are defined in Section 4.3,



