
Completeness

The strange case of Dr. Skolem and Mr. Gödel∗

Gabriele Lolli

The completeness theorem has a history; such is the destiny of the impor-
tant theorems, those for which for a long time one does not know (whether
there is anything to prove and) what to prove. In its history, one can di-
stinguish at least two main paths; the first one covers the slow and difficult
comprehension of the problem in (what historians consider) the traditional
development of mathematical logic canon, up to Gödel’s proof in 1930; the
second path follows the Löwenheim-Skolem theorem. Although at certain
points the two paths crossed each other, they started and continued with
their own aims and problems. A classical topos of the history of mathema-
tical logic concerns the how and the why Löwenheim, Skolem and Herbrand
did not discover the completeness theorem, though they proved it, or whe-
ther they really proved, or perhaps they actually discovered, completeness.
In following these two paths, we will not always respect strict chronology,
keeping the two stories quite separate, until the crossing becomes decisive.

In modern pre-mathematical logic, the notion of completeness does not
appear. There are some interesting speculations in Kant which, by some
stretching, could be realized as bearing some relation with the problem;
Kant’s remarks, however, are probably more related with incompleteness, in
connection with his thoughts on the derivability of transcendental ideas (or
concepts of reason) from categories (the intellect’s concepts) through a pas-
sage to the limit; thus, for instance, the causa prima, or the idea of causality,
is the limit of implication, or God is the limit of disjunction, viz., the catego-
ry of “comunance”. The striving for completeness leads to antinomies. Also
Kant’s transcendental deduction of categories could be compared to what is

∗This is the last section, with the historical part, of G. Lolli, Completeness, AILA
Preprints, 1995.

1



now called functional completeness of sets of connectives. Altogether, such
a reading of old works is always a bit forced.

A first inkling of the completeness problem is often said to be retracea-
ble in Bernhard Bolzano. In his 1837 Wissenschaftlehre1 Bolzano gave the
first neat formulation of the notion of logical consequence in substitutio-
nal version. He had clearly seen that all non-logical parts of the statements,
constants and predicates, must be thought of as variables in the logical treat-
ment. Some scholars have reservations on his achievement, since Bolzano did
not consider a variable domain; but it is only fair to say that he is in good
company here, because also Tarski in his first enquires on semantics did not
let the universe vary; the universe of logic, in the twenties, tended to coincide
with that of the natural numbers.

Owing to their peculiarity, Bolzano’s problems are difficult to translate
in modern terminology. His main idea was that of a proposition in seed ,
also called are also propositions in thought, or statement of judgements. We
could probably say that Bolzano’s propositions are the sense of sentences. A
proposition in se has a reality, different from that of any written sentence. A
proposition in se is made of representations and concepts that might happen
to have a reality only in our minds; hence, a proposition can be without an
object; nevertheless, we can talk of propositions and consider relations among
them such as, for example, inclusion. Among these relations, Bolzano also
considers those that arise from the fact that propositions contain variable
elements. Hence the definition of logical consequence: “In a more restric-
ted sense [with respect to the case in which there is compatibility between
antecedent and consequent] – and in this sense I will use from now on this
expression – a proposition M is deducible from propositions A, B, C, . . . with
respect to variables i, j, . . ., when any particular representation substituted
to i, j, . . . which makes true all the propositions A, B, C, . . . makes true also
proposition M”2. In this definition there is no reference to a restricted do-
main for variables (while in other places this restrinction is imposed to avoid
infinite possibilities), nor to a compatibility condition among A, B, C, . . . and
M , a condition to which the proviso on “restricted sense” alludes. Variable
parts are essential to make sense of representations without an object, such
as the representation of “nihil”, or of

√
−1; these interact with the others

1B. Bolzano, Wissenschaftslehre, 4 voll., Seidel, Sulzbach, 1837.
2B. Bolzano, Von der mathematischen Lehrart (1840-42).
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only in so much as “we conceive of certain elements i, j, . . . as variable and we
compare the infinitely many new representations that emerge by substituting
to i, j, . . . different representations, whenever these representations have an
object”.

A completeness problem could only arise from the comparison of the
consequence relation with another relation; in fact Bolzano considers a new
relation among propositions, based on a notion of structure, and having some
resemblance with the much later patterns of derivation of natural deduction.
In his Wissenschaftslehre, he introduces a relation of Abfolge, also called
relation of consequence-foundation; in contrast to plain consequence, this
new relation concerns truth in itself and not knowledge. Bolzano distin-
guishes between objective foundations and epistemological foundations, and
between objective proof and subjective proof. The former goes backwards
from a consequence to its foundations; premises are called subsidiary truths
of the conclusion; proceeding in this way, one eventually finds out the basic
truths. The underlying structure is a tree, and the subsidiary truth for a
proposition P is the set of truths occurring in the tree. The actual descrip-
tion of the tree does not amount to a full-fledged inductive definition, of the
sort: the set of truths grows at each level, and in the nodes there are only
concepts included in the conclusion. Some people have seen here an analo-
gy with normal Gentzen derivations and cut elimination. While Bolzano’s
two notions of consequence do ask for comparison, one cannot find here any
formulation of the completeness problem as comparison between syntax and
semantics.

Let us consider now the proper tradition of mathematical logic. Peano
was only interested in showing that all logical identities normally used in ma-
thematical arguments could be retrieved from a very small set of identities.
Boole felt at least the need for completeness, though in the context of a very
traditional conception of the axiomatic organization of a discipline3: “All
sciences consist of general truths, but of those truths some only are primary
and fundamental, others are secondary and derived. The laws of elliptic mo-
tion, discovered by Kepler, are general truths in astronomy, but they are not
its fundamental truths. And it is so also in the purely mathematical sciences
. . . Let us define as fundamental those laws and principles from which all

3G. Boole, An Investigation of the Laws of Thought (1854), Dover , New York, p. 5.
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other general truths of science may be deduced, and into which they may all
be again resolved4. Shall we then err in regarding that as the true science
of Logic which, laying down certain elementary laws, confirmed by the very
testimony of the mind, permits us thence to deduce, by uniform processes,
the entire chain of its secondary consequences, and furnishes, for its practi-
cal applications, methods of perfect generality? Let it be considered whether
in any science, viewed either as a system of truth or as the foundation of
a practical art, there can properly be any other test of the completeness
and the fundamental character of its laws, then the completeness of its sy-
stem of derived truths, and the generality of the methods which it serves to
establish”.

As for Russell, in Principia Mathematica he did not go beyond the state-
ment of an empirical completeness of the logical system. Actually, empirical
completeness is realized in PM, despite completeness is not explicitly formu-
lated as an hypothesis – Hilbert would do in 1928. Neither our distinctions
nor our terminology can be found in PM. Discussing the content of the first
part of PM, where deductions of logical truth are expounded, the authors
explain that such content can be seen in two ways, “either as a deductive
chain based on primitive ideas, or as a formal calculus”. By formal calculus
they mean a kind of algebraic treatment, alternative to the logical format,
but patently equivalent – the choice among them is a matter of taste. In the
absence the necessary distinctions, completeness could be conjectured only à
la Peano. The authors also say that the subject to be treated “is not quite
properly described as the theory of propositions. It is in fact the theory of
how one proposition can be inferred from another. Now in order that one
proposition may be inferred from another, it is necessary that the two should
have that relation which makes the one a consequence of the other. When
a proposition q is a consequence of a proposition p, we say that p implies q.
Thus deduction depends upon the relation of implication, and every deduc-
tive system must contain among its premises as many of the properties of
implication as are necessary to legitimate the ordinary procedure of deduc-
tion. In the present section, certain propositions will be stated as premises,
and it will be shown that they are sufficient for all common forms of inferen-

4“It may be added, that they are truths which to an intelligence sufficently refined
would shine forth in their own unborrowed light, without the need of those connecting
links of thoughts, those steps of wearisome and often painful deduction, by which the
knowledge of them is actually acquired”, ibidem.
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ce. It will not be shown that they are all necessary, and it is possible that
the number of them might be diminished. All that is affirmed concerning
the premises is (1) that they are true, (2) that they are sufficient for the
theory of deduction, (3) that we do not know how to diminish their number.
But with regard to (2), there must always be some element of doubt, since
it is hard to be sure that one never uses some principle unconsciously. The
habit of being rigidly guided by formal symbolic rules is a safeguard against
unconscious assumptions; but even this safeguard is not always adequate”5.

Russell had his reasons not to be too sure of completeness, considering the
complications and ad hoc restrictions introduced in his theory of types; he
had made experiments with alternatives and variants, always in the setting
of higher order logics, and he was well aware of the many decisions and
choices to be made in building a logical system, and of their non-equivalence.
He probably believed that, to avoid contradictions, what was excluded in
his system would have to be left out in any other system; but he might
well have some doubts, at least if we read with attention: “It should be
observed that the whole effect of the doctrine of types is negative: it forbids
certain inferences which would otherwise be valid, but does not permit any
which would otherwise be invalid. Hence we may reasonably expect that the
inferences which the doctrine of types permit would remain valid even if the
doctrine should be found to be invalid”6.

Frege had no such doubts, to him logic was one, necessarily ideographic.
Frege’s formalization was not a tool to abstract from meaning; on the con-
trary, only when expressed in his Begriffsschrift sentences could be properly
understood and analysed. Frege’s worries were of another type: the inhal-
thich reasoning could be maimed and suffer an Inhaltsentleerung in such
systems as Boole’s calculistic logic, Jevons’ machine or formal arithmetic:
“Boole’s formulistic language reproduces only a part of our thought; in its
entirety it could never be done by a machine or substituted by a purely me-
chanical procedure. Syllogism can certainly be presented under the form of a
calculus, which of course will never be executed by a machine, but thanks to

5A. N. Whitehead, B. Russell, Principia Mathematica, Cambridge University Press,
Cambridge, 1910-13, Part I, “Mathematical Logic”, Section A, The Theory of Deduction;
quotation from A. N. Whitehead, B. Russell, PM to *56 , Cambridge University Press,
Cambridge, 1964, p. 90.

6Ivi, Preface of 1910, p. vii.
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the few schematic and intuitive forms in which such a calculus is organized
it guarantees great certainty. But the true gain is got when the content is
not only shown, but constructed from its component parts through the very
logical signs used to calculate”7.

According to Poincaré, complete formalization, as achieved by Hilbert for
geometry, was a step toward mechanical theorem proving. He was pushing
in this direction for polemical reasons, a kind of practical reductio ad absur-
dum. Couturat had remarked8 that Peano, in translating all mathematical
expressions in symbols, did not aim at excluding thought from logistics, first
of all because there was on the background the operation of translation, and
moreover because the task of building derivations was not of the nature of
blind mechanism. The discussion on formalization was really a discussion on
axiomatic method: on the one hand, formalization applied it to axiomatic
theories; on the other hand, as was fully understood only later, by the very
nature of axiomatization, to axiomatize was virtually the same thing as to
formalize – whether or not resorting to logistics. for the very nature of axio-
matization (as was later fully understood). Frege was, consistently, a strong
opponent of the axiomatic method. The debate on axiomatization involved
completeness, specifically, the completeness problem for theories. As we shall
see, the difficulties to separate the notions of completeness for theories and
completeness for logic, were a source of long lived misunderstandings.

The modern axiomatic method begins with the idea to deprive primiti-
ve concepts of their meaning. For our purposes we do not need a detailed
analysis of the evolution of this idea. One quotation will be enough, to re-
call the background. According to Pasch, “in order that geometry becomes
a truly deductive science it is necessary that the entailing of consequences
be everywhere independent from the sense of the geometrical concepts, as
it must be from the pictures; one must take in consideration only the rela-
tions between geometrical concepts, as determined by the propositions and
definitions employed. In the course of a deduction, it is allowed, and useful,
to think of the meaning of intervening geometrical concepts, but it is not
necessary; when it is necessary, this is a sign of the defective character of
deductions and . . . of the inadequacy of the propositions invoked to support

7G. Frege, “Booles rechnende Logik und die Begriffschrift”, in G. Frege, Nachgelassene
Schriften, Felix Meiner Verlag, 1969.

8L. Couturat, “For Logistics”, Monist 22 (1912), pp. 481-523.
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the proof. When one deduces . . . a theorem from a group of propositions
– which we’ll call generators – the value of the deduction goes beyond the
initial aim. In fact, if one derives from generators correct propositions, then
by changing the geometrical concepts with others. . . one gets without repro-
ducing the proof a proposition which is a consequence of the thus modified
generators”9. In the reasoning process, sensible images are not allowed, nor
mental representations of images; the words themselves used to frame geo-
metrical concepts exert an influence from which science must get free. The
right synthesis, according to Pasch, was to be found in Peano’s school, where
not only the axiomatization of theories was pursued but a sterilized language
was also made ready for the purpose.

Frege’s opposition the axiomatic method was motivated by the lack of de-
termination of the objects described by a set of axioms. Axioms were seen by
mathematicians as a new kind of definition; the peculiar nature of this kind
of definition was recognized, and accepted. The terminology varied: descrip-
tive definitions vs the traditional real and nominal ones, implicit definitions10

vs the explicit ones, definitions by postulates vs direct definitions. Poincaré
didn’t see any problem in accepting the axioms as masquered definitions11.
Following Couturat’s terminology, Poincaré talked of definitions by postula-
tes: “Stuart Mill claimed that any definition implies an axiom, that which
asserts the existence of the defined object . . . The definition would thus be
an axiom in disguise . . . Stuart Mill construed existence in a material and
empirical sense; he meant that in defining the circle one says that in nature
there are round things. In this form, his idea in not admissible. Mathema-
tics is independent from the existence of material things, here existence can
have only one meaning, namely freedom from contradictions. Thus modified,
Stuart Mill’s idea is right: in defining an object, one claims that the defi-
nition implies no contradiction. If we have thus a system of postulates and
we can show that these postulates do not imply any contradiction we’ll be
entitled to consider them as the definition of one of the notions occurring in

9M. Pasch, Vorlesungen über neuere Geometrie, Teubner, Leipzig, 1882, p. 98.
10At the beginning, talk of implicit definitions was inspired by the mathematical ter-

minology of implicit functions, and it referred to single terms included in propositions
together with other already known terms; later on, “the implicit definition of systems
of concepts by means of propositions has become essential for mathematical logic”, F.
Enriques, Per la storia della logica, Zanichelli, Bologna, 1922, 19872, p. 134.

11H. Poincaré, La Science et l’hypothèse, Flammarion, Paris, 1902, p. 67.
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them”12.

To Frege, axioms are not definitions, since they realize neither of the
necessary conditions of existence and uniqueness of the defined object. Ac-
cording to Frege13 definitions (conceived as assignments of meaning to signs)
are to be kept distinct from all other sentences of a science, such as axioms,
principles, theorems, explanations. Frege objects to Hilbert that his axioms
for the “between” relation do not define a relation at all; the definition should
be framed as “‘between’ is a relation with the following characteristic notes
. . . ”; Hilbert is willing to change terminology, but “I have to be entirely
free also in the statements of the characteristic notes. In fact, as soon as
I have posed an axiom, it exists and is ‘true’ . . . You write: ‘The fact that
the axioms are true assures us that they do contradict one another’. I have
been intrigued in reading this statement in your letter because, since when I
began to think and write and lecture on this subject, I have always said the
very opposite: if axioms arbitrarily posed are not in contradiction, together
with all their consequences, then they are true, then there exist the entities
defined by means of those axioms. This is for me the criterion of truth and
existence”14.

Notice that also a few formalists, Couturat among them, were opposed to
the idea that a mere consistency proof could guarantee existence. The same
opposition is to be found in early intuitionism, with its absolute mistrust for
the “linguistic buildings, sequences of sentences connected by logic rules . . . If
also it were apparent that such constructions can never exhibit the linguistic
pattern of a contradiction, they are mathematical only in so far as they
are linguistic constructions and they have nothing to do with mathematics,
which is outside the building”15. Brouwer rejects the existence of models
for consistent sets of sentences: “The question is in the following terms: let
us suppose we have somehow proved, without thinking of a mathematical
interpretation, that a system logically built on the basis of a few linguistic
axioms is non-contradictory, i.e., that at no stage of the development of the

12H. Poincaeé, Science et méthode, Flammarion, Paris, 1908, p. 161.
13G. Frege, Wissenschaftlicher Briefwechsel , Felix Meiner, Hamburg, 1976, letters to

and from Hilbert.
14D. Hilbert in G. Frege, Wissenschafticher Briefwechsel , cit.
15L.E.J. Brouwer, Over de grondslagen der wiskunde, Dissertation, Maas & van Such-

telen, Amsterdam, 1907, pp. 183, p. 132, in L.E.J. Brouwer, Collected Works I , North
Holland, Amsterdam, 1975, pp. 11-101.
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system we can meet with two contradictory theorems; if then we should also
find a mathematical interpretation of the axioms. . . , does it follow then that
such mathematical construction exists? Nothing of the kind has ever been
proved by the axiomatizers”16.

Brouwer’s negative position stems from his conception of mathematical
construction, which has nothing to gain by a consistency proof. But Frege
does not dismiss the significance of consistency proofs; rather, he questions
their feasibility: “Which means do we have to prove that certain properties,
or certain requirements (or whatever else they are called) are not mutually
contradictory? The only way I know is that of presenting an object which
possesses all those properties, or of mentioning a case in which all those
requirements are satisfied. It should not be possible to prove consistency
in any other way”17. Also according to Poincaré “Usually to prove that a
definition does not imply a contradiction, one proceeds with an example; one
looks for an example of an object which satisfies the definition . . . But such a
proof is not always possible”18. Frege’s statement is of December 1899; soon
Hilbert would have – if he didn’t already have – another idea. An alternative
to examples is that of considering all the propositions one can deduce from
the postulates and showing that there are not among them two which are
mutually contradictory. This idea pleased Poincaré, because starting from it
he was able to argue for the impossibility of a consistency proof for arithmetic;
such a proof as envisaged by Hilbert would need, circularily, induction; hence
the synthetic character of induction was established. Also Mario Pieri, in
1906, had an inkling that for consistency proofs “one will have to reason
by induction on the infinite sequence of derived propositions”; he doubted
the feasibility of the procedure for a queer reason, because “we could not
decide whether [the set of derivable propositions] will be a denumerable series,
to which such a principle could be applied”19. Pieri was not sure of this
because probably he had not grasped the meaning of the (albeit hypothetical)
completeness of a set of mechanical logical rules.

Besides the existence problem for definitions (also called the solvability

16ivi, p. 141.
17G. Frege, Wissenschafticher Briefwechsel , cit.
18H. Poincaré, Science et méthode, cit., pp. 161-63.
19M. Pieri, “Sur la compatibilité des axiomes de l’arithmétique”, Revue de Métaphysique

et de Morale, 13 (1906), pp. 196-207, p. 199.
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problem, as Frege preferred to say by analogy with equations), there is the
uniqueness problem. Non-uniqueness is, to the axiomatizers, a positive fea-
ture of definitions by postulates: “It might happen that there are several
interpretations pf the undefined symbols which satisfy teh system of unro-
ved propositions. The system of undefined symbols can then be considered
as an abstraction obtained from all interpretations”20. It is not by chan-
ce that there are several interpretations: “The most important property of
the primitives of a hypothetical-deductive system is that of being capable of
arbitrary interpretations, within the boundaries fixed by the primitive propo-
sitions . . . or, in different terms, the meaning of words and symbols denoting
a primitive object whatsoever is not uniquely determined by the primitive
propositions concerning it, and the reader has the faculty to attribute a mea-
ning to these words and signs as he likes, with the only condition that it be
compatible with the general properties imposed on objects by the primitive
propositions”21. If meaning can be attributed in several different ways, then
none of the attributions is in a sense complete. As Beppo Levi remarked,
with reference to the indeterminacy of primitive ideas: “it is true that a given
system of postulates can give a primitive idea (in relations to the other ones)
a determination less strong than that associated to the name in the common
speech; but the true and complete determination of a primitive idea in not
possible, however complex the system of marks (contrassegni) used for it;
we will never be able to identify ideas, but only to state some relations for
them22.

Hilbert was clearly well aware of the possibility of multiple interpreta-
tions; in some of his first pronouncements, he seems to construe the indeter-
mination only up to isomorphism; at the same time, he claims that the very
indetermination is a great gain. He wrote to Frege: “You observe that my
concepts, e.g., ‘point’ and ‘between’ are not uniquely determined . . . But it is
obvious that any theory is just a framework, a schema of concepts with their
mutual relations, while the basic elements can be thought of in an arbitrary

20A. Padoa, “Essai d’une théorie algébrique des nombres entieres, prédédeé d’une in-
troduction logique à une théorie déductive quelconque”, in Bibl. du Congrès Intern. de
Philos., Paris, 1900, A. Colin, Paris, 1900, vol. 3, pp. 309-65.

21M. Pieri,“I principii della geometria di posizione composti in sistema logico deduttivo”,
Mem. R. Accad. Sci. Torino, (2a) 48 (1899), pp. 1-62, p. 60.

22B. Levi, “Antinomie logiche?”, Annali di Matematica, (3) 15 (1908), pp. 187-216,
footnote (*), p. 188.
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manner. If with my points I want to refer to any system whatsoever, say the
system composed of love, law, chimney-sweepers . . . , then it will be enough
that I construe my axioms as relations among these entities, and all my pro-
positions, e.g., the Phytagorean theorem, will hold for them. In other words:
any theory can be applied to infinitely many systems of basic elements. It is
enough to apply a one to one transformation and to convene that the axioms
for the transformed objects be the same as for the corresponding ones. Such
a possibility can never be imputed as a defect of a theory, on the contrary,
it is a very great advantage, and at any rate it is inevitable”23. It is quite
possible that this restriction to one-to-one correspondences had to do with
his ideas on completeness, which at that time were not so clear, as we shall
see.

At the beginning of the modern axiomatic method, mathematicians used
to give a somewhat greater emphasis than it is done today, to the fact that
isomorphic interpretations are nonetheless different; for example Fraenkel in
1928 observed that when “for a particular concrete (inhalthichen) meaning
of the primitive concepts, e. g. intuitive ‘point’ and ‘line’, a proposition
is richtig , that is deducible from the axioms, then the proposition cannot
be false with respect to another meaning, compatible with the axioms (for
example ‘point’ as ‘pair of numbers’), or we would have a contradiction with
the proved isomorphism. But this does not mean that the sense, the essential
content of primitive concepts, can ever be determined by the axioms, because
to any interpretation there is another one, isomorphic but with a different
sense”24. This can be read as an indirect answer to Levi: sense is not invariant
under isomorphism.

Poincaré had no difficulty in accepting the necessity of an axiomatic pre-
sentation of geometrical systems; and he was aware that the eventual goal
of axiomatization was that of a formal presentation of the theory. “One is
struck in the new mathematics by its formal character, that is so explained
by Hilbert: ‘let us think of three species of things we’ll call points, lines
and planes, and let us convene that a line will be determined by two points;
instead of saying that this line is determined, let us say that it passes for
the two points, or that these two points lie on the line’. What these things
actually are we not only do not know, but we must not try to know. We

23D. Hilbert, in G. Frege, Wissenschaftlicher Briefwechsel , cit.
24A. A. Fraenkel, Einleitung in die Mengenlhere, Springer, Berlin, 19283, p. 353.
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do not need it, and a person who had never seen points, lines and planes
could do geometry as well as ourselves. Words like to pass , or to lie must
not generate in us any image, they are simply synonyms for, respectively, to
be determined and to determine. So it is clear that to prove a theorem is
not necessary nor useful to know what one means. One could replace the
geometer with the piano à raisonner imagined by Stanley Jevons; or if you
prefer one could think of a machine where from an entry one could introduce
the axioms and on the other end to collect theorems, as the famous Chicago
machine where pigs enter alive and come out as ham and sausages. No more
than these machines, the mathematician needs not to understand what he is
doing. This formal character of geometry I do not impute to Hilbert, this was
necessarily his goal, given the problem he had set to himself. He wanted to
reduce to a minimum the fundamental axioms and make a complete enume-
ration of them; now in reasonings where our spirit is alive, in which intuition
plays a role, in live reasonings, so to speak, it is difficult not to introduce
some unobserved axiom or postulate. Only after reducing all geometrical
reasonings to a mechanical form he could be sure to have succeeded in his
project and reached his goal”25.

Hilbert’s aim in fact, stated at the beginning of his 1899 Grundlagen der
Geometrie, was that of obtaining for geometry an axiom system “complete
and as simple as possible”. What he meant by “complete” can be recovered
from his letters to Frege. Hilbert explains to Frege that a complete definition
is given only by the whole set of axioms; every axiom contributes to the
definition, hence every new axiom modifies the concept. “Adding any new
axiom once a concept has been determined in a unique and complete way
is absolutely forbidden and non-logical”26. In the case of real numbers and
geometry, however, Hilbert also discusses the notion of a structure being full
– being impossible to further extend it. This notion and that of deductive
closure do not exactly coincide. The Vollständigkeitsaxiom for geometry
states the impossibility of extending the universe of points, lines and planes
and still keeping the validity of all the axioms (for real numbers, he replaces
the continuity axiom by the completeness and Archimedean axioms). At the
same time he looks for a system of axioms so closed that no other axioms
can be consistently added, and no proposition can be considered correct

25H. Poincaré, Science et Méthode, cit., pp. 156-8.
26D. Hilbert, in G. Frege, Wissenschaftlicher Briefwechsel , cit.
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unless it is derivable from the axioms. When comparing the genetic and
the axiomatic method, he observes that with the latter there is no need to
think of the generation laws for reals, but only of “a system of things whose
relations are given by means of the finite and closed system of axions I.IV,
about which new assertions hold only if they can be derived from those xions
by means of a finite number of logical steps”’27.

Here Hilbert seems to consider categoricity a consequence of complete-
ness, though in 1901 he apparently was no more convinced of the identity of
the two notions. According to Edmund Husserl, after a lecture in which this
very subject had been discussed, Hilbert remarked that one should carefully
consider the logic by which the consequences of the axioms are derived; in
Husserl’s words: “When we suppose that a proposition be decided on the
basis of the axioms of a domain, what can we use besides the axioms? Alles
Logische. Was ist das? All the propositions that are free from any particula-
rity of a knowledge domain, what is independent from all particular axioms,
from all matter of knowledge”. But here one has a spectrum of possibilities:
“the algorithmic logic domain, that on numbers, of combinatorics, of the
general theory of ordinals. And at last the most general set theory is not in
itself pure logic?28”. Combinatory logic for example is sufficient to derive the
Schnittpunktsatz from Pascal theorem (Hilbert had proved that there was no
need of continuity for this derivation); the logic of numbers comes in when the
Archimedean axiom is used, and to use the Vollständigkeitsaxiom one has to
resort to the logic of sets, the allgemeinste Mannigfaltigkeitslehre29. In 1909
Hilbert again remarks that “in certain investigations of modern mathematics
the problem is not that of establishing a specific fact or the validity of a
proposition, it is that of carrying on the proof with the restriction to given

27D. Hilbert, “Über den Zahlbegriff”, Jahresbericht DMV , 8 (1900), pp. 180-4.
28E. Husserl, Philosophie der Arithmetik , Martinus Nijhoff, The Hague, 1969, p. 445,

quoted by J. C. Webb, Mechanism, Mentalism and Metamathematics, Reidel, Dordrecht,
1980, p. 85.

29According to Otto Blumenthal, already in 1904 Hilbert was convinced that “without
a complete and perspicuous formalization of logical inferences no progress could be done
in the direction he had indicated”, O. Blumenthal, “Lebensgeschichte”, in D. Hilbert,
Gesammelte Abhandlungen, Dritter Band, Springer, Berlin, 1935, pp. 388-429, p. 422.
The 1904 paper to which Blumenthal refers is D. Hilbert, “Über die Grundlagen der Logik
und der Arithmetik”, Verhandlungen des Dritten Internationale Mathematiker Kongresses
in Heidelberg vom 8. bis 17. August 1904 , Teubner, Leipzig, 1905, pp. 174-85.
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methods or to prove the impossibility of such a demonstrative process”30.

In the same years, completeness and categoricity where being discussed
also in USA; one of the merits of the discussion was that of forging the definite
terminology. Initially, Huntington31 calls “complete” a supposedly categori-
cal theory; in 1902 he proposes a set of six postulates for continuous magni-
tudes and he claims that it is complete, meaning that the axioms are non-
contradictory, sufficient and mutually independent; here “non-contradictory”
means that “there is at least one assemblage in which the chosen rule of com-
bination satisfies all six requirements”; the meaning of “sufficient” is that
“there is essentially only one such assemblage possible” (modulo correspon-
dences which we now call isomorphisms). This use of “complete” will remain
for a while also after the spreading of “categorical”; according to Enriques,
in 1922, “a system of postulates is said to be complete when two systems of
entities forced to satisfy the system can be put in a one to one correspon-
dence, in such a way that the properties of the one translate in perfectly
homologous properties of the other, so that they appear abstractly the same,
as far as the ideas in question are concerned”32.

Also Veblen is interested in categoricity33: since his terms point and order
are undefined, he claims he has the right to apply those terms to whatever
class of objects for which the axioms are valid. “It is part of our purpose
hoèıwever to show that there is essentially only one class in which the twelve
axioms are valid”34. It will follow that any proposition expressed in terms of
point and order either is in contradiction with the axioms, or is equally true
of all classes which verify the axioms. This means that the validity of every
possible proposition expressed in these terms is completely determined by
the axioms. Such a system is called by Veblen categorical, while a system to

30D. Hilbert, “Wesen und Ziele einer Analysis der unendlichvielen unabhängigen varia-
blen”, 1909, in D. Hilbert, Gesammelte Abhandlungen, Dritten Band, cit., pp. 56-72, p.
72.

31E. V. Huntington, “A Complete Set of Postulates for the Theory of Absolute Conti-
nuous Magnitude”, Trans. AMS , 3 (1902), pp. 264-79. Huntington uses assemblage for
“set”, mentioning also “Menge” and “ensemble”; while it is curious that he uses set for
the set of postulates.

32F. Enriques, Per la storia della logica, cit.
33O. Veblen, “A System of Axioms for Geometry”, Trans. AMS , 5 (1904), pp. 343-84.
34Again, modulo correspondences we call isomorphisms, though Veblen does not use

this term.
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which it is possible to add some new axiom (possibly in many different ways)
is called disjunctive. In a footnote, he ascribes these terms to John Dewey; he
recalls also Hilbert’s terminology of Axiom der Vollständigkeit , translated as
Axiom of Completeness , and Huntington’s use of the adjective complete for
the corresponding definition of the structure (where Veblen prefers to speak
of determination, instead of definition).

After 1905, Huntington dismisses the term “sufficient” and following Ve-
blen adopts “categorical”; however, initially, categoricity is understood by
him in the sense that every proposition expressed with the primitive terms
either is deducible from the postulates or else it is in contradiction with
them35. Actually, in Veblen’s terminology, one does not require that every
consistent proposition is derivable, but only that it was valid in all models.
Following a suggestion of H. N. Davis, Huntington soon corrects himself: “in
the case of any categorical set of postulates one is tempted to state the theo-
rem that if a proposition can be stated in terms of the fundamental concepts,
either it is itself deducible from the postulates or else its contradictory is so
deducible; it must be admitted however that our mastery of the processes of
logical deduction is not yet, and possibly never can be, sufficiently complete
to justify this assertion”36.

A thorough discussion of the problem is finally given by Edwin Wilson37,
in a contribution on the axiom of choice. He starts with the remark that it
is not always desirable to have a categorical system, because the cardinality
of different models can be an interesting feature, for example in group theo-
ry; he concedes that from categoricity it follows that any proposition built
from the primitive terms (thus, with the exclusion of propositions dealing
with such non-mathematical features as, e.g., colour) is either compatible or
incompatible, and he asks whether it can also be said that it must be either
deducible or in contradiction with the axioms. “This question, this sugge-
stion that compatibility and deducibility may not be the same when applied
to categorically determined systems is vital in logic and requires careful di-
scussion . . . What, however, does the word deducible mean? The meaning

35E. V. Huntington, “A Set of Postulates for Real Algebra”, Trans AMS , 6 (1905), pp.
17-41, footnote §, p. 17.

36E. V. Huntington, “A Set of Postulates for Ordinary Complex Algebra”, Trans. AMS ,
6 (1905), pp. 209-29, footnote †, p. 210.

37E. B. Wilson, “Logic and the Continuum”, Bull. AMS , 14 (1908), pp. 432-43.
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is entirely relative to the system of logic which is available for drawing con-
clusions from the set of primitive propositions. Some may consider that the
human mind has instinctively at its disposal all valid methods of deduction.
This is a tremendous postulate, and one entirely devoid of other than sen-
timental value. In fact, it leads to the abandoning of the research for valid
methods of deduction, it is dangerous and worse than useless. It is essential
of the modern attitude in logic that the deducer should state distinctly his
form of inference”. The efforts to relate and equate compatibility and de-
ducibility can be useful and produce advancement in logic. “It appears to
me, however, that it may be a distinct gain in precision and hence a con-
siderable advantage to admit the following orienting propositions, namely:
so long as there is an unsolved problem of pure mathematics the solution
may be lacking 1◦ because the class of objects to which the problem belongs
is not sufficiently determined or 2◦ because the available logical methods of
deduction are insufficient; but in case the class of objects is categorically
determined, 2◦ alone applies”. In a subsequent discussion on the contrast
between Peano and Zermelo, with reference to the axiom of choice, Wilson
observes that for Peano and Zermelo “deducible” has different meanings. As
for the well-ordering theorem, it seems to Wilson that the relevant definitions
can be given without introducing new concepts with respect to Huntington’s
axiomatisation, hence Zermelo’s axiom cannot be a new postulate on the con-
tinuum, given the completeness of latter – a remark which was often heard
in those times. “As a matter of fact, the postulate that he does add concerns
classes in general and the usage he makes of it and his own statements show
that what he has done is to demand a new postulate or principle of logic. In
view of the fact that it may be doubted whether our logic is yet complete and
that Zermelo’s postulate is apparently not in contradiction with the other lo-
gical postulates, it is difficult to see how any one can deny him the right to
proceed as he does”. Wilson is so appalled by the complications arising in
the theory of well-orderings, that he doubts whether Zermelo’s decision is a
sensible one; but Zermelo has the right to do it: “to deny him that privilege
would be to put an embargo on the development of logic and to assume a
completeness of our logical system wùıhich is quite unwarranted in view of
past developments and future possibilities”.

In the following years, the problem of undertanding the meaning of a
complete axiomatisation and of giving one, as well as the related problem
of determining the Alle logisches were dealt with in a theory which was
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perhaps too difficult to handle in a simple-minded way, namely set theory. An
additional difficulty here was represented by questions of inner definability,
starting from Zermelo’s notion of Definitheit . A lot of new knowledge and
logical wisdom is acquired in the process, including the formulation of a
restriction axiom – a symmetric counterpart of completeness axioms on the
fullness of the universe – and the discussion between Skolem and Zermelo
on finite methods and impredicativity38; but when the set-theorist Abraham
Fraenkel, in 192839, summarizes the state of the art of the axiomatisation
problem, there are not many novelties with respect to the first years of the
century. Fraenkel acknowledges that there are fewer results on completeness
than on independence (on which he himself laboured) and, moreover,one still
has the impression that the completeness notion is not always intended in a
unique way. Fraenkel’s own discussion is a complete mess, though we’ll try
to be fair in the following summary.

According to a first version, completeness of a set of axioms means that
any question stated in primitive terms can have an answer, one way or the
other, by means of deductive inferences from the axioms. Such a property
would entail that no new axiom can be added without altering the primitive
concepts; every proposition P that is not contradictory with the axioms
would actually be a provable consequence, hence P is not independent. This
property is to Fraenkel clearly different from Hilbert’s axiom of completeness:
the latter requires the non-extendibility of the domain, not of the axioms –
though he admits that not all is clear. Completeness has to do with the
decidability of all mathematical questions40, and since in the last years the
faith in a positive solution has been shattered, or, to say the least, a positive
solution was no longer considered obvious, Fraenkel is not surprised that the
completeness (e.g., of set theory) is so difficult to achieve.

The second version of completeness is rather difficult to distinguish from
the first, but the way Fraenkel tries to clarify the issue – first of all to himself
– is quite instructive: according to this version, we talk of incompleteness

38See G. Lolli, “Da Zermelo a Zermelo”, in Le ragioni fisiche e le dimostrazioni
matematiche, il Mulino, Bologna, 1985, cap. VII, pp. 175-239.

39A. A. Fraenkel, Einleitung in die Mengenlhere, Springer, Berlin, 19283, in particular
§18.4, pp. 347-54.

40We will come back later to Hilbert’ 1900 axiom of the decidability of all mathematical
problems.
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when several mutually contradictory assumptions are not derivable from a
given axiom system, but are all compatible with it. The difference with the
first notion seems to emerge in a remark in which Fraenkel says that an
incomplete – in this second sense – axiom system does not allow to decide
which of the assumptions to accept, not because of some feebleness of present
deducibility methods, but rather in an absolute sense, relative to all present
or future methods. As an example of a stubborn problem of this kind he
considers the continuum problem. In a further, rather confusing, remark
he says that in order to have completeness one does not require that the
decidability of any proposition be determined, but only assured by a kind
of inner determination of the domain, so that only the Richtigkeit or the
Falschigkeit of a proposition be compatible, if not deducible from the axioms.
Geometry without the parallel axiom is incomplete in the second sense, while
arithmetic is not.

The third sense of completeness discussed by Fraenkel is (to him) a wider
one, and he calls it categoricity, according to Veblen, or monomorphicity,
in a sense attributed to Carnap and Feigl: between any two realizations it
must be possible to establish a one-to-one isomorphic correspondence. The
term “isomorphism” has at last found its way, according to Fraenkel, as a
generalisation of that used for algebraic structures such as groups and fields
– a generalisation in that it applies to any relation.

To illustrate all three cases, Fraenkel uses the same example, namely Fer-
mat’s last theorem; it is a way of stressing that the notions are tentative
and not yet well-defined. If one should prove that Fermat’s theorem cannot
be solved with the methods of number theory (first type of incompleteness),
than there would be two possibilities: either by its own nature the problem
transcends the capabilities of the human mind, or else it transcends only
our present capabilities. In the first case, the way should be open to the
addition of new axioms, a situation similar to that of geometry; one such
axiom could be given by Fermat’s proposition itself. But when discussing
the second type of incompleteness, Fraenkel denies that such situation can
obtain for arithmetic; in the case of Fermat’s theorem, the hypothesis that its
negation is compatible is expressed by the possibility to think [Denkbarkeit ]
that a certain relation holds for four numbers; Fraenkel seems to be saying
that the very nature of this Denkbarkeit lends compatibility to the negation
of Fermet’s theorem, whence it contradicts the Richtigkeit of Fermat’s hypo-

18



thesis; in a footnote he mentions the categoricity of the number system, as if
it had some bearing on the issue, though he confesses that all is dark. Since
the number system is monomorphic, Fermat’s theorem should be decided,
and for arithmetic and all its open problems there will never occur the situa-
tion of geometry. In another footnote, he mentions the possible difference
between provability and truth, but he adds that talking of “unprovable but
true” for a proposition like Fermat’s has so little mathematical sense that it
is impossible to discuss it.

To sum up, in Fraenkel’s words, the first sense of completeness is akin
to that of Entscheidungsdefinitheit used in Hilbert’s school; Fraenkel quotes
Husserl as one of the first to conceive of a Mannigfaltigkeit such that any
proposition stated in terms of its concepts, either is a formal consequence of
the axioms or else is a formal contradiction with the axioms. In this case,
for Fraenkel, truth and formal consequence are the same. The second sense
seems to have to do with the distinction between what is actually provable
and the possibility of a decision in principle. A system could be such that for
no proposition, both the proposition itself and its negation are compatible
with the axioms, but a decision method could not exist. The third sense –
categoricity – is realized for natural numbers, real numbers and geometry;
while categoricity implies completeness in the second sense, Fraenkel does not
know whether the converse implication is true41. As a conclusion, Fraenkel
admits that in order to make a progress in these matters, where almost
nothing is really proved, a lot of work is still to be done to delimit both
the proof methods, and the concept itself of completeness; symbolic logic is
the most promising tool; some light could be thrown by the investigation of
the completeness of the very logical system, along the lines of Emile Post’s
pioneering work, which was known to Fraenkel.

In his attempt to clarify various notions of completeness Fraenkel is not
alone; in Felix Kaufmann’s 1930 book on the infinite, where Husserl’s in-
fluence is strongly felt42, there is a chapter on the categoricity of arithmetic;

41The underlying hypothesis of categoricity is perhaps responsible for the frequent iden-
tification of domains and theories, as in “Mengenbereich” and “Mengenlehre” which are
synonyms in the twenties – a curious linguistic phenomenon that should be better inve-
stigated. Notice also that one talked of the real numbers, but of Euclidean geometry as
domains where one got categoricity.

42F. Kaufmann, Das Unendliche in der Mathematik und seine Ausschaltung , Franz
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significantly, its title refers to the “complete decidability” of arithmetic que-
stions. Here Fraenkel’s alternatives are presented as follows: the first notion
is that of categoricity; the second one is non-ramification of a theory, in the
sense that no proposition P we have compatibility pf P together with its
negation; the third one is decidability, in the sense that “any question which
refers to [the theory] can be decided”. Kaufmann does not venture to say-
ing whether the three concepts are different or not, but he says that they
point to the same criterion, that is, to (the necessity) of a determination of
a theory requiring no further specifications. This is the case of arithmetic,
according to Kaufmann, since “the definition we have given of the numerical
series, as Peano’s logical system, describes the cognitive object number and
determines it as a logical singularity; this means that nothing logical con-
cerning the natural numbers is left open”; the opposite is true for geometry.
To Kaufmann, the system of arithmetic axioms is thus monomorphic. But
with Fraenkel we have reached the year 1928, when Hilbert officially posed
the problem of completeness; and Fraenkel mentions researches began with
Post’s 1921 paper, the only paper (on completeness) then known and quoted
in the logical literature. So it is time to see what was happening in this field.

Meta-mathematical research had had a slow start, at first with reference
to Principia Mathematica; the choice of a meta-mathematical level of analysis
is found for the first time in Post, who however acknowledges Lewis’ influen-
ce. Lewis had stressed the purely formal definition of mathematical systems,
and the content-free character of the logical rules43; Post views PM as a pure-
ly formal construction, and considers himself entitled to use any logical and
mathematical instrument to study the system. He restricts to propositional
logic, where the existence of truth tables suggests the possibility of a compa-
rison between two different methods. Post’s 1921 paper44 is his 1920 disser-
tation; here Post introduces the definitions of completeness and consistency
that bear his name45. Post-consistency requires that at least one propositio-

Deuticke, Wien, 1930.
43C. I. Lewis, A Survey of Formal Logic, Univ. of California Press, Berkeley, 1918.
44E. Post, “Introduction to a general theory of elementary propositions”, Amer. J.

Math., 43 (1921), 163-85, also in J. van Heijenoort, From Frege to Gödel , Harvard Univ.
Press, Cambridg Mass., 1967, pp. 264-83, see introduction of J. van Heijenoort, ivi, pp.
264-65.

45See A. Church, Introduction to Mathematical Logic, Princeton Univ. Press, Princeton,
1956, § 17 and 18.
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nal letter is not derivable, in the system; Post-completeness is the property
that if one adds one non-derivable formula one gets a Post-inconsistent sy-
stem (the definitions are so phrased in order to apply to systems without
negation). Let us remark that this is not Post’s own terminology; he uses
“completeness” for the functional completeness of a set of connectives, and
“closed system” for Post-complete systems.

Post considers rules for the assertion of propositions, denoted by `, as
well as truth tables. The completeness of propositional logic is expressed
by the “Fundamental theorem: A necessary and sufficient condition that a
function of F be asserted as a result of the postulates II, III, IV is that all
its truth values be +”. (F is the set of connectives.) Post pays his debt
to Schröder, who had in part anticipated some of his considerations, but
observes with Lewis that “formal and informal logic are inextricably bound
together in Schröder’s development to an extent that prevents the system
as a whole to be completely determined”. In particular, in the investigation
of completeness one finds “all the theoretical difficulties met with in pas-
sing from the theory of classes to that of propositions when the development
is not strictly formal”. Again, the relevant distinction here is between for-
mal and informal, rather than between syntax and semantics; the latter can
barely be recognized beneath the distinction between a proposition and its
interpretation as a class. The theorem proved by Post “gives us an actual
method for immediately writing down a formal derivation of its assertion [of
a proposition always true] by means of the postulates of Principia”. This is
what Post is interested in, namely a finite method of decision, which he will
later try without success to extend to all PM.

In the meantime, first order logic was being singled out of the whole logical
system of PM. Hermann Weyl seems to have been the first to define first order
languages, in his dissertation written in 1910 under Hilbert’s supervision and
dedicated to an analysis of Zermelo’s notion of definit . Weyl considered of
“the utmost importance that the logic had furnished the list of defining
principles (if we are not wrong in considering it complete)”; actually, he
himself had given such a list. Here “completeness” seems to refer to the
expressive power of first order constructs. Weyl had been much impressed by
a lecture Poincaré had given in Göttingen in 1909, upon Hilbert’s invitation;
he became convinced of the importance of linguistic antinomies, hence of the
necessity of a mathematical treatment of definability. Later, the importance
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of first order restrictions became clear in the formulation of the separation
and replacement axioms in set theory.

In Hilbert and Ackermann’s 1928 book46, first order logic is called re-
stricted functional calculus. One can find there a completeness proof for
propositional logic along the following lines: (i) every proposition has a lo-
gically equivalent conjunctive normal form, (ii) the transformations to get
normal forms can be done deductively, and (iii) a final step consisting in the
remark that a clause is a tautology if and only if it contains a complemen-
tary pair (a literal and its complement). The original semantic argument is
repeated in deductive form and gives completeness. The proof is due to Ber-
nays47, in his 1918 dissertation; Bernays didn’t publish it until 1926, because
(he said that) logic research was at the time held in low esteem.

As for predicate languages, Hilbert and Ackermann first discuss a strong
completeness property, requiring that all statements true in some structure
be provable, and dismiss it; then they consider the weaker requirement, that
the logical system be complete at least in the sense that all logical formulae
which are richtig for all domains be derivable; they admit that the problem
is still open. “One can only state on an empirical basis that in all applica-
tions this system of axioms has always succeeded”48. Next they consider the
Entscheidungsproblem, the decision problem for any theory, which through
formalization is reduced to the decision problem for logic. They quote posi-
tive results by Löwenheim and Behmann on the monadic predicate calculus,
which they obtain by means of finite structures – already used by Ackermann
in his researches on decidability. Finite models allow quantifier elimination,
and it is clear the authors’ aim of extending with this technique the results

46D. Hilbert, W. Ackermann, Grundzüge der theoretischen Logik , Springer, Berlin, 1928.
47P. Bernays, “Axiomatische Untersuchungen des Aussage-Kalkuls der ‘Principia Ma-

thematica’ ”, Mathematische Zeitschrift , 25 (1926), pp. 305-20. The paper contains the
results of 1918 Habilitationsschrift .

48B. Dreben and J. van Heijenoort (in K. Gödel, Collected Works, Vol. I, Oxford Univ.
Press, New York, 1986, p. 48) have remarked that there is here a circularity, in that
logical formulae had been immediately before defined as the derivable ones; the flaw will
be corrected in the 1938 edition; however, it is probably a slip of the pen, since the
notion of allgemeingültig was already available; other parts of Hilbert and Ackermann’s
exposition are unsatisfactory: for example there is the following confusing statement, that
the Allgemeingültigkeit of formulae, except for those that are always valid, depends on the
cardinality of the domain.
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known for propositional logic. But the right strategy was already used in
another context, to which now Hilbert looks with interest, and to which we
will also turn in a moment. Hilbert and Ackermann observe that the most
general solution to the decision problem would be given by a procedure to
determine, for every formula, for which domains – meaning for which cardi-
nalities of the domains – the formula is satisfiable, and for which domains the
formula is not; they again quote Löwenheim-Skolem theorem as an example
of a restricted class, namely the class of denumerable structures, which is
sufficient to check logical validity49.

In the same 1928, at the Bologna Congress, Hilbert calls attention to com-
pleteness as an open and urgent problem; but he is still wavering between
two formulations, one more syntactic, à la Post, for mathematical theories,
and another one for the consequence relation. The completeness problem for
logic is seen as a special case of that for arithmetic; the latter is more urgent,
due to the necessity of giving a finitistically satisfactory version of categori-
city. “It is true that usually one states the completeness of the axiom system
for number theory as well as that for analysis; but the usual argument by
which one proves that any two realizations of the axiom system for number
theory (resp. for analysis) must be isomorphic does not satisfy the require-
ments of finitary rigour. What has to be done – first of all for number theory,
whose domain can be delimited with precision – is to transform the usual
isomorphism proof in a finitary one, so that one can prove the following: If
for a proposition S of number theory can be proved the compatibility with
the axioms of number theory, then the compatibility with the axioms cannot
be proved also for ¬S (the opposite of S). And strictly related also: if a
sentence is compatible, then it is also provable”50.

This is problem III of Hilbert’s address. Problem IV follows: “The as-
sertion of the completeness of number theory can also be expressed in the
following way: if to the axioms of number theory a formula is added which
belongs to [the language of] number theory but is not provable, then from
the extended system a contradiction can be derived51. Since here, in proof

49D. Hilbert, W. Ackermann, Grundzüge der theoretischen Logik , cit., p. 68.
50D. Hilbert, “Probleme der Grundlagen der Mathematik”, in Atti Congresso interna-

zionale dei matematici, Bologna, 3-10 ottobre 1928 , Zanichelli, Bologna, 1929, vol. I; pp.
135-41, with additions and corrections in Mathematicshe Annalen, 102 (1929), pp. 1-9.

51G. Kreisel has interpreted this statement as a first inkling of the logical complete-
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theory, we always deal with formalized proofs, in the statement on the com-
pleteness of number theory it is at the same time implicit the claim that the
formalized rules of reasoning are anyway sufficient in the domain of number
theory. The question of the completeness of the logical rules, in a general
form, is a problem of theoretical logic”. To logic one arrives at starting from
arithmetic and substituting the arithmetical predicates with arbitrary letters,
and dismissing the proper axioms; one forgets about the ordered domain of
numbers and one considers an arbitrary system made up of objects and as-
sociated predicates [a substitutional completeness in reverse]. Here Hilbert
gives for the first time the semantic definition of logically valid formulae,
“those which are not refutable by any determination of the predicates one
chooses. There arises now the question whether all these formulae are prova-
ble from the rules of logical reasoning by the addition of the above mentioned
equality axioms or, in other words, whether the system of usual logical rules
is complete. Up to now, by trials and efforts, we have made the firm belief
that these rules are sufficient. A true proof is available only for pure pro-
positional logic. For the logic of monadic predicates a completeness proof
can be obtained by the method of solution of the decision problem (Schröder
elimination problem), as has been shown first by Löwenheim capitalising on
first efforts of Schröder and in a definitive way by Behmann”.

We have to turn now, as Hilbert did, to the other trend of the algebra of
logic. Following the lead of Schröder’s algebra of logic52, researchers had first
tackled the solution of logical equations, looking for necessary and sufficient
solvability conditions on the coefficients; then they had focused attention to
the satisfiability of logical equations, starting from finite domains53. While
working on decidability questions, Löwenheim in 191554 borrows some tech-

ness in this form: either F is derivable, or else a suitable arithmetical translation Fω is
contradictory with the arithmetic axioms (Gödel would change this second case in the
alternative that ¬Fω be true in the natural numbers). But this rendering seems a bit
forced, since Hilbert talks here always of the formula, not of an interpretation; moreover,
the completeness alluded to is explicitly that of number theory. This version of the logical
completeness is to be found only later in 1939 in Hilbert and Bernays’ Grundlagen, as
we’ll see in due time.

52E. Schröder, Vorlesungen über die Algebra der Logik , 3 voll., 1890-1895, Leipzig.
53In early algebraic logic, the accepted laws of quantifiers were those that could be

proved for a finite, though arbitrary and indeterminate, number of elements, see C. I.
Lewis, A Survey of Formal Logic, Univ. of California Press, Berkeley, 1918, cap. IV.

54L. Löwenheim, “Über Möglichkeiten im Relativkalkül”, Math. Ann., 76 (1915), 447-
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niques from this tradition, such as (what today we call) Skolem functions.
People working in the context of the algebra of logic had discovered first
order languages owing to the possibility of treating the first order existential
quantifier as a disjunction over the elements of the domain: this enabled
them to deal with the existential quantifier in an algebraic setting. Actual-
ly, their logic was an infinitary first order logic, also allowing infinite lists
of quantifiers. Algebraic terminology was still different from ours; our first
order formulae were called numerical expressions [Zählausdrücke], and valid
formulae were called identical equations.

In his 1915 paper Löwenheim proved the decidability of the monadic cal-
culus by showing that if a sentence of this restricted language is true in all
finite structures then it is logically true; he also showed that the result does
not hold for extended languages; finally, he reduces the decision problem
for predicate logic to that for sentences with only a binary relation. His
results were improved by Skolem, Behmann, Herbrand, Kalmár, and were
appreciated and developed also by Hilbert’s school, as contributions to the
Entscheidgungsproblem. The theorem named after him is stated by Löwen-
heim as follows: if a formula is valid in all finite domains but is not valid,
then it is not the case that the formula is valid in all denumerable domain.

Löwenheim’s theorem will become Löwenheim-Skolem theorem after Sko-
lem’s contributions and refinements. There will be two versions of the theo-
rem: in the first version one merely talks of a denumerable model for a
sentence having a model at all; in the second version one notices that the
denumerable model is a substructure of the given one. This latter version is
more interesting for model theory: from it the notion of elementary substruc-
ture will follow; insofar as the completeness theorem is concerned, however,
there is no particular added value. The substructure version is due to Skolem
in 1920, or at least it can be said that the 1920 proof implies it; the expli-
cit statement will be given by Skolem only in 1929; later he will mistakenly
attribute it to Löwenheim; only in 1938 Skolem will make a neat distinction
between the following two statements:

70, in J. van Heijenoort, From Frege to Gödel , cit., pp. 228-51, see introduction of J. van
Heijenoort, ivi, pp. 228-32. Löwenheim considers also the calculus of relatives – of the
title – without variables but with algebraic operators for sum and product of relations,
and he proves that it is not equivalent to the first order calculus.
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(i) if F is satisfiable, then it is satisfiable in the natural numbers, with a
suitable assignment of arithmetical predicates to the predicative letters,

and
(ii) if F is satisfiable in a domain D then it is also satisfiable in a denu-

merable subdomain of D, with the same interpretation of the predicates.

While in 1920 Skolem actually proves (ii), in 1922 he proves (i). The 1922
proof is more similar to Löwenheim’s old one. Moreover, Skolem sometimes
uses his normal forms, other times Löwenheim’s forms; notwithstanding these
fluctuations, it is a widespread opinion that he was able to put Löwenheim’s
proof on its feet (possibly by taking the union of all his contributions). In
1920 Skolem also remarks that his result holds for denumerable sets of sen-
tences (a remark he will correctly prove only in 1929); from 1922 on, he uses
this generalized version of (i) for the applications, e.g., to set theory; it has
been remarked that, had he used (ii), he could have anticipated Gödel’s later
discovery of submodels containing all ordinals. Version (ii) needs the axiom of
choice, while (i) does not; Löwenheim had used choice, and Skolem corrected
him; but all this refers to the minutiae of the history of Löwenheim-Skolem
theorem, and it does not have much bearing on the completeness story.

In 1915 Löwenheim had used the equivalence between a first order sen-
tence A and a second order one of the form ∃f∀xM(x, f(x)), where f and
x are vectors; actually, he used infinite lists of existential quantifiers, which
we can translate as quantified functions; Löwenheim almost achieved (what
today is known as) the normal form for satisfiability, though its form depends
the finite domain, and also needs an infinite list of quantifiers in the infinite
case. After eliminating the second order quantifier, Löwenheim proceeds to
substitute all natural numbers in the matrix M(x, f(x)), following a precise
strategy: first replace the variables by a finite number of constants, then
enlarge the resulting finite domain so as to have values for f(x), and repeat
the process, each time appending the newly obtained closed matrix to the
conjunction of the previous ones. At each stage Löwenheim has a proposi-
tion Pn, and he considers all ways of assigning truth values to the atomic
propositions occurring in Pn. Finally, he claims that if for some n all these
assignments give false value to Pn, then also the given sentence A has value
false; if on the contrary for every n there is a propositional valuation under
which Pn is true, then also A is true. Most commentators agree55 that the

55R. L. Vaught, “Model Theory before 1945”, in L. Henkin et al. (eds.),Proceedings of
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argument is only roughly sketched, but in essence it is there, including the
intuition of the necessity of some form of König’s lemma, needed to obtain a
single valuation pasting together the valuations of the different Pn’s. Others
are more doubtful, among them van Heijenoort and Quine56 (who feels that
Löwenheim argument needs a law of infinite conjunction – more or less equi-
valent in its effect to König’s lemma); they find the correct reasoning only
in Skolem; the latter uses two different tools for his arguments, Dedekind’s
chains in 1920, while the techniques used by him in 1922 are more reminiscent
of Quine’s desiderata.

In the 1920 paper, Skolem57 addresses himself to decidability questions for
Boolean algebras, elementary geometry and dense sets. For every sentence
A he introduces the normal form ∀x∃yB of A for satisfiability (the Skolem
normal form of A): Skolem proves that this ∀∃ sentence is satisfiable if and
only if A is satisfiable, in the same domain. The denumerable domain is
carved out with the help of the axiom of choice. Skolem is convinced that
his method is more in accord with the usual ways of mathematical logic than
Löwenheim’s method: once A is reduced to ∀x∃yB, one chooses for every x
a y such that the quantifier-free formula B is satisfied, then for such y one
chooses another element witnessing the existential quantifier, and so on, thus
building a chain. Then one takes the intersection of all sets closed under this
operation, in a sense that will be made clearer in the next lines. Skolem’s
terminology is always purely semantic.

Given, in our notation, a normal form

∀x1 . . . ∀xm∃y1 . . . ∃ynB(x1, . . . , xm, y1, . . . , yn),

Skolem 192258 systematically substitutes numbers to variables: he first re-
places all x’s by ones, then “it must be possible to choose y1, . . . , yn among

the Tarski Symposium, AMS, Providence, R. I., 1974, pp. 153-72.
56W. O. Quine, “A proof procedure for quantification theory”, Journal Symbolic Logic,

20 (1955), pp. 141-9.
57T. Skolem, “Logisch-kombinatorische Untersuchungen über die Erfüllbarkeit oder

Beweisbarkeit mathematischer Sätze nebst einem Theoreme über dichte Mengen”, Skr.
Vid. Krist. I. Math.-Naturvid. Kl.,(1920), No. 4, 36 pp., in J. van Heijenoort, From Frege
to Gödel , Harvard Univ. Press, Cambridg Mass., 1967, pp. 252-63, see introduction of J.
van Heijenoort, ivi, pp. 252-54.

58T. Skolem,“Einige Bemerkungen zur axiomatischen Begründung der Mengenlehre”,
Wissenschaftliche Vorträge gehalten auf dem Fünften kongress der skandinavischen Ma-
tematiker in Helsingfors vom 4. bis 7. Juli 1922 , pp. 217-32, in J. van Heijenoort, From
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the numbers 1, 2, . . . , n+1 in such a way that B[1, . . . , 1, y1, . . . , yn] is
satisfied. Thus we obtain one or more solutions of the first step, that
is, assignments determining the classes and relations in such a way that
B[1, . . . , 1, y1, . . . , yn] is satisfied. The second step consists in choosing, for
x1, . . . , xm, every permutation with repetitions of the n+ 1 numbers 1, 2,
. . . , n+ 1 taken m at the time, with the exception of the permutation
1, 1,. . . , 1, already considered in the first step. For at least one of the
solutions obtained in the first step, it must then be possible, for each of
these (n + 1)m − 1 permutations, to choose y1, . . . , yn among the numbers
1, 2, . . . , n + 1 + n((n + 1)m − 1) in such a way that, for each permutation
x1, . . . , xm taken within the segment 1, 2, . . . , n + 1 of the number sequence,
the proposition B(x1, . . . , xm, y1, . . . , yn) holds for a corresponding choice of
y1, . . . , yn taken within the segment 1, 2, . . . , n+1+n((n+1)m−1). Thus from
certain solutions gained in the first step we now obtain certain continuations,
which constitute solutions of the second step. It must be possible to conti-
nue the process in this way indefinitely if the given first-order proposition is
consistent”. In order to obtain a “uniquely determined solution for the entire
number sequence, we must be able to choose a single solution from among
all those obtained in a given step”. To past together the solutions, Skolem
considers a kind of lexicographic order, in such a way that different solutions
coincide on the common part; by systematicaly choosing the first element
in this order, he constructs a sequence of solutions, whose limit yields the
desired proof that the proposition is satisfied in the natural numbers. Skolem
is interested here only in the fact that if a sentence is consistent then it has a
model in the natural numbers; still, again denoting by Pn the quantifier-free
propositions obtained at step n, by inspection of Skolem’s proof we see that
the original sentence has no model if and only if some Pn has no proposi-
tional model; today many textbooks present the above result as a version of
the compactness theorem, or of the Skolem-Herbrand theorem. Only in 1928
Skolem will notice the interest of this version.

In 192859 Thoralf Skolem the Great writes another epoch making pa-

Frege to Gödel , Harvard Univ. Press, Cambridg Mass., 1967, pp. 290-301, see introduction
of J. van Heijenoort, ivi, pp. 290-91.

59T. Skolem, “Über die mathematiche Logik”, Norsk. Mat. Tidsk., 10 (1928), pp.
125-42, in J. van Heijenoort, From Frege to Gödel , cit., pp. 508-24; see the introduction
of B. Dreben and J. van Heijenoort, ivi, pp. 508-12. See also T. Skolem, “Über einige
Grundlagenfragen der Mathematik”, Skr. Norsk. Akad. Oslo I. Mat.-Natur. Kl., (1929),
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per, after the 1922 one. The opening recalls and rejects Kant’s opinion,
that logic is the only science that has made no progress from the ancient
times: in fact, after giving some examples of how equations can be solved, in
Schröder’s calculus, by reducing logical to combinatorial problems, Skolem
turns to first-order logic. The terminology is still that of Russell, formulae
are called propositional functions of the variables, taking values in a do-
main; for each substituted value the function becomes a proposition, which
can be true or false. “Now we can not only give a precise formulations to
the mathematical propositions but also to represent mathematical proofs as
transformations of such logical expressions according to certain rules . . . ”,
of which he mentions – in modern notation – the equivalences ¬∃xA(x) ↔
∀x¬A(x),∀x(A ∧ B(x)) ↔ A ∧ ∀xB(x), ∀x(A ∨ B(x)) ↔ A ∨ ∀xB(x), and
similar ones for the existential quantifier. These are the equivalences that
allow to transform a sentence in prenex form. “But I do not go into this
more deeply, especially since I believe that it is possible to deal with the
deduction principle in another, more expedient way, to which I shall return
in a moment”. After a discussion of first and second order logic, which will
be resumed again the following year in a discussion with Zermelo, he gives
his method. “I shall not go into these difficult questions more deeply; in-
stead, I shall indicate how the deduction problem for first-order propositions
can be reduced to a problem of combinatorial arithmetic [eine arithmetisch-
kombinatorische Frage]. If U and V are first-order propositions and if we
pose the question whether V follows from U , this is equivalent to asking
whether U ∧ ¬V is a contradiction or not. It is therefore clear that eve-
rything depends upon our being able to decide whether a given first-order
proposition is contradictory or not”.

The method is the same presented today as Herbrand method (and theo-
rem)60 in logic textbooks for computer science. Skolem first of all recalls the
normal forms for satisfiability, then by introducing new functional symbols
he transforms a sentence

∀x1∀x2 . . . ∃y1∃y2 . . . ∀z1∀z2 . . . ∃u1∃u2 . . .

No. 6, 38 pp.
60Responsible for the mistaken attribution is Martin Davis, in 1963, at the beginning of

automated deduction; he later acknowledged the mistake, but it was late; it is ironic that
in the classroom presentations so called Herbrand’s theorem is entirely semantical. See
M. Davis, “The Prehistory and Early History of Automated Deduction”, in J. Siekmann
and G. Wrightson (eds.), Automation of Reasoning , Springer, Berlin, 1983, pp. 1-28.
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U(x1, x2, . . . , y1, y2, . . . , z1, z2, . . . , u1, u2, . . .)

in a quantifier-free formula of the form

U(x1, x2, . . . , f1(x1, x2, . . .), f2(x1, x2, . . .), . . . ,
z1, z2, . . . , g1(x1, . . . , z1, . . .), g2(x1, . . . , z1, . . .), . . .)

in such a way that “the given sentence states that the latter is true for all
values of the variable in a certain domain”. If the universally quantified
variables are arbitrarily given “it is possible to introduce y1, . . . , u1, . . ., where
the y depend only on the x, the u only on the x and the z, and so on, and to
determine the truth values of the functions A, B, C, . . . [atomic components
in U ] for these arguments in such a way that U turns out to be true. Since
it does not matter what notation we use for the symbols”, the formalism of
functional symbols can be introduced, and instead of y1 it will be written
f1(x1, x2, . . .).

Next he describes what is now called Herbrand universe, formed by the
closed terms generated in stages starting with 0 and the functional sym-
bols. “The symbols of the (n + 1)th level shall be those that result from
the insertion of symbols up to the nth level as arguments in the ‘functions’
f1, f2, . . . , g1, g2, . . . and that do not already occur among the symbols of the
0th up to the nth level” [the 0th level contains 0]. Now after substituting 0
everywhere, if it is possible to assign to A, B, C, . . . propositional values in
such a way as to render U true, these values are called solutions of the first
level; if it is not possible, the given proposition “is not satisfiable; there is a
contradiction”. Otherwise, one substitutes to the variables the terms of the
first level, and then looks for an assignment to the atomic parts which gives
U value 1 and which is in agreement with the previous assignment, if there
are symbols in common. If there is no such an assignment, again, “we have
a contradiction”. One goes on indefinitely; “the real problem now is whether
there are solutions of an arbitrarily high level or whether for a certain n the-
re exists no solution of the nth level. In the latter case the given first-order
proposition contains a contradiction. In the former case, on the other hand,
it is consistent [widerspruchlos ]”.

The conclusion is perhaps a bit hasty, but it does not justify the criticism
that has been moved to it on the basis of a later remark of Gödel. Accor-
ding to Gödel, Skolem is trying here to introduce syntactic considerations,
and ends in a mess because of his informal ways. Instead of resorting to
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his 1922 argument to correctly conclude the lemma, he gives “an entirely
inconclusive argument”61. Skolem’s inconclusive argument is as follows, in
the continuation of the above quotation: “The following will make this clear.
Every consequence of the [proposition] results from repeated and combined
uses of it. Every theorem derived can therefore be formulated as a propo-
sition formed by means of the functions A, B, C, . . ., and in this functions
there will occur, on the one hand, indeterminate symbols a, b, c, . . . and, on
the other, further symbols that have been obtained from these by possible
repeated substitutions in the functional expressions f1, f2, . . . , g1, g2, . . . Eve-
ry such proposition must, however, retain its validity when a, b, c, . . . all are
replaced by 0. Thus, if a contradiction is derivable, a contradiction must be
provable in which there occur both 0 and the symbols obtained from 0 by
substitution in f1, f2, . . . , g1, g2, . . . up to, say, the nth level. Hence there can-
not then exist any solution of the nth level”. It is commonly accepted that
Skolem is trying here – without success – to formulate a syntactic lemma, the
very lemma which, if only it had been formulated, would have anticipated
Herbrand’s thesis. However, this is not entirely convincing, if we bear in
mind the following facts: (i) Skolem terminology as far as Widerspruchlosig-
keit is concerned, is always semantic; (ii) this is just a lecture, and the 1922
argument need not be incompatible with the present sketched considerations;
last but not least, (iii) from the very beginning Skolem had stated that he
was not interested in using and refining the syntactic notion of derivation,
since he was interested in an alternative method.

Skolem was well conversant with deductive first order methods; he did
not accept them as a foundation for mathematics, because he believed that
“the attempt to base the notions of logic upon those of arithmetic, or vice
versa, seems to me mistaken. The foundations for both must be laid simul-
taneously and in an interrelated way”. The above quoted remark, about
consequences being built up from the atomic formulae in the premises, sho-
ws a keen attention to finer details of deductive processes. But Skolem was
looking for a method to establish logical consequence, and he believed that
the combinatorial (nonsemantical) reduction presented in his paper was mo-
re expedient. The problem he addresses in 1928 is more general than the
refinement of Löwenheim’s theorem: it is the quest for an effective procedure

61K. Gödel, letter to H. Wang of December 7, 1967, in H. Wang, From Mathematics to
Philosophy , Humanities Press, New York, 1974, p. 8.
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to establish logical consequence; owing to this explicitly stated goal, we are
entitled to attribute to Skolem the intention to prove (an equivalent of) the
completeness theorem. His method starts from semantic notions, and uses
combinatorial conditions to solve the deducibility problem. Skolem reaches
a satisfactory conclusion, which we call a completeness theorem, though he
gives the impression of halting in the middle of the river; the same, howe-
ver, happens to modern proofs, when one starts from syntactic notions and
arrives to something one does not know whether it is syntax or semantics62.
Moreover, Skolem’s approach explains the strong connection, also perceived
in Hilbert’s school, between completeness and decidability; in both cases the
problem was that of finding an effective method for logical consequence, pos-
sibly different from the usual available logic systems, which in themselves
have no peculiar privilege.

“To be sure, this procedure is infinite; but there are some cases in which it
is possible to make the procedure finite”. Skolem solves the decision problem
for the prefix ∀y∃x1 . . . ∃xn (Ackermann had the same result, which Skolem
improves in a review, with a better estimate of the number of individuals
in the finite domain in which such formulae are satisfiable; Herbrand later
will also consider and improve the bounds for the ∃x1 . . . ∃xn∀y∃z1 . . . ∃zm

case). At the end of his lecture Skolem describes Langford’s theorem on the
decidability of dense orderings, obtained by means of quantifier elimination63.

Now in the history of the Löwenheim-Skolem theorem it should be the
turn of Herbrand, with the birth of the Skolem-Herbrand theorem. Her-
brand used syntactic methods, and more than that, he used only syntactic
methods; but Herbrand’s results did not become known until after Gödel’s.
Gödel’s dissertation was approved in June 1929, and discussed in February
1930; Herbrand’s dissertation dates back to April 1929, and was discussed in
June 1929; after September 1929, it seems that Herbrand did no work on it
until the middle of 1930. His 1931 paper contains some corrections on the
thesis, dating from September 1929. Apart from this chronology, Gödel’s
work explicitly aimed at a proof of the completeness theorem; Herbrand’s
goal was to give a syntactic, or finitistic, version of Löwenheim theorem. We
shall consider first Gödel’s proof.

62As, for example, in the proofs of completeness by refutation trees
63C. H. Langford, “Some theorems on deducibility”, Ann. of Math., 28 (1926), pp.

16-40, “Theorems on deducibility”, Ann. of Math., 29 (1927), pp. 459-71.
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Before plunging into the last act, it may be useful to pause to sum up
all uncertainties and ambiguities that Gödel’s theorem would finally dispel.
It is not true that everybody was convinced of completeness: somebody, like
Weyl, feared it. Already in 1917, talking of the completeness of the real num-
bers, he had confessed that “we do not know if it is so (perhaps we believe
it)”. Weyl believed in completeness, but was also afraid of it, since he wrote,
with reference to elementary geometry: “the firm belief to be able to derive
all general true judgements of elementary geometry . . . from the geometrical
axioms by means of a logical reasoning, is a scientific faith declaration: we
are not able to have a true intuition that it is so, and still less to ‘prove’
it by an examination of the logical laws. If this should happen some day,
this intuition would open to us the way to decide the truth or falsity of any
geometrical judgement . . . by methodically applying a certain deductive tech-
nique (‘in a finite number of steps’): mathematics would thus become trivial ,
at least in principle64”. In 1926, while discussing the fundamental concepts
of axiomatics, such as independence and completeness of the axioms, Weyl
again wrote: “completeness would be assured only by establishing for the
development of the proofs such rules as would lead automatically to the so-
lution of any pertinent problem. Mathematics would become an unexciting
enterprise. But such a philosophical stone has not been discovered, and it
will never be”. The root of such a strong belief is simply the subjective
feeling that doing mathematics is not a matter of machine applications; in
practice “it is not possible to proceed as the scholar Gulliver finds at Bar-
nilarbi, who develops in order all the consequences, to thorw away later the
non-interesting one65”. Weyl was afraid of the procedure that was later to
be called, after Alan Turing, the “British Museum procedure”. This drea-
dful procedure – which does not seem to have been considered by Hilbert’s
school – is not practically feasible, but Weyl correctly notes that it guaran-
tees the decidability of a theory. Still probably unable to distinguish between
logical completeness and completeness of theories, Weyl feared however that
mathematics would be thus made trivial.

This is reminiscent of the old argument of Poincaré, now reinforced by
the (partial) results on decidability. The Entscheidungsproblem was one of

64H. Weyl, Das Kontinuum. Kritische Untersuchungen über die Grundlagen der
Analysis, Veit, Leipzig, 1918.

65In an entry for the Handbuch der Philosophie, 1926, later included in H. Weyl,
Philosophy of Mathematics and Natural Science, Princeton Univ. Press, Princeton, 1949.
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those that could be rigorously attacked in the frame of Hilbert’s formaliza-
tion and proof theory. It was the problem of the decidability of mathematical
problems by means of a finite number of operations. In the general opinion,
the problem evoked (the belief and) the axiom of the solvability of all mathe-
matical problems, as it had been expressed by Hilbert at the Paris Congress
in 1900. Hilbert has been careful in the precise wording of his conjecture,
“that every definite mathematical problem must necessarily be susceptible
of an exact settlement, either in the form of an actual answer to the question
asked, or by the proof of the impossibility of its solution and therewith the
necessary failure of all attempts”. Hilbert had drawn his conviction (“which
every mathematician shares, but which no one has yet supported by a proof”)
by the very negative cases – such as the fifth postulate, and the solution by
radicals of algebraic equations. In all these cases, a proof had been found
that the problem was not solvable on the basis of the assumptions explicitly
stated in the conditions of the problem. In 1925 he again will repeat that
“now, to be sure, my proof theory cannot specify a general method for solving
every mathematical problem; that does not exist”66. He had no intention of
trivializing mathematics. However, the misunderstanding was strong to die;
even von Neumann mixed ethical worries with theoretical doubts, as Weyl
did; in 192767 von Neumann didn’t believe in a positive solution of the En-
tscheidungsproblem, because he was morally certain of the undecidability of
mathematics: “undecidability is a sine qua non condition for the present
work with heuristic methods having sense; the day undecidability were eli-
minated, mathematics as it is intended today would not exist any more, and
a purely mechanical process would take its place”.

After proving the completeness of the logical rules, Gödel will feel entitled
to claim as a well known fact, in 1930, that “the development of mathema-
tics toward greater precision has led, as is well konwn, to the formalization
of large tracts of it, so that one can prove any theorem using nothing but
a few mechanical rules”68. Russell’s Principia Mathematica and Zermelo

66D. Hilbert, “Über das Unendliche”, Mathematische Annalen, 95 (1926), pp. 161-90,
in J. van Heijenoort, pp. 367-92.

67J. von Neumann, “Zur Hilbertschen Beweistheorie”, Mathematische Zeitschrift , 26
(1927), pp. 1-16, p. 10.

68K. Gödel, “Über formal unentscheidbare Sätze der Principia Mathematica und ver-
wandter Systeme I”, Monatshefte für Mathematik und Physik , 38 (1931), pp. 173-98, in
K. Gödel, Collected Works, cit., pp. 144-95.
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and Fraenkel’s set theory are “so comprehensive that in them all methods
of proofs today used in athematics are formalized, that is, reduced to a few
axioms and rules of inference”. Actually, not everybody was aware of this
possibility, since he had just proved it in his dissertation the previous year;
he had spoken of the result only at the Menger’s Mathematische Kolloquium
in May 1930. Gödel is not afraid of formalization and of restricted logic
methods; but he only makes this explicit at the same time when he also an-
nounces the incompleteness of PM, thus banning every fear of trivialization:
“One might therefore conjecture that these axioms and rules of inference are
sufficient to decide any mathematical question that can at all be expressed
in these systems. It will be shown below that this is not the case, that on the
contrary there are in the two systems mentioned relatively simple problems
in the theory of integers that cannot be decided on the basis of the axioms”.
Notice that Gödel doesn’t use for his system the term “incomplete”, but
“nicht entscheidungsdefinit”69.

Before obtaining his incompleteness proof, Gödel, too, had had some
doubts. In the introduction to his dissertation, he lingers over the relationship
between categoricity, completeness and decidability of all problems: “Here
‘completeness’ is to mean that every valid formula expressible in the restricted
functional calculus (a valid Zählaussage, as Löwenheim would say) can be
derived from the calculus by means of a finite sequence of formal inferences.
This assertion can easily be seen to be equivalent to the following: Every
consistent axiom system consisting of only Zählaussagen has a realization.
(Here ‘consistent’ means that no contradiction can be derived by means of
finitely many formal inferences.) The latter formulation seems also to be
of some interest in itself, since the solution of this question represents in
a certain sense a theoretical completion of the usual method for proving
consistency (only, of course, for the special kind of axiom systems considered
here)”. The existence of a realization for a consistent theory, now guaranteed
by the theorem, offers support and justification to the axiomatic position70.
But – Gödel goes on brooding – to identify consistency and existence, or to
make the latter depend only on consistency constraints, seems to presuppose

69K.Gödel, “Einige metamathematische Resultate über Entscheidungsdefinitheit und
Widerspruchsfreiheit”, Anzeiger der Akademie der Wissenschaften in Wien, 67, pp. 214-5,
in K. Gödel, Collected Works, cit., pp. 140-43.

70A position still as recently as 1928 contrasted by L. E. Brouwer, in a Wien lecture
apparently attended to by Gödel, who was strongly impressed.
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“the axiom that every mathematical problem is solvable. Or, more precisely,
it presupposes that we cannot prove the unsovability of any problem”. A
problem requires an answer, either positive or negative; if one could prove
that a problem is unsolvable, one would prove in particular that neither the
positive nor the negative answer are derivable form the axioms; hence both
would be consistent with the theory, and there would be at least two non-
isomorphic models, contrary to what one can prove for the theory. Clearly,
Gödel has in mind categorical theories, such as the theory of real numbers,
that is explicitly mentioned by him.

In the same introduction, Gödel’s way out reminds us of Hilbert’s old
reflections on proof methods: ultimately, the completeness result does not
imply the impossibility of finding unsolvable problems since “what is at issue
here in only unsolvability by certain precisely stated formal means of inferen-
ce. For, all the notions that are considered here (provable, consistent, and so
on) have an exact meaning only when we have precisely delimited the means
of inference that are admitted. These reflections, incidentally, are intended
only to properly illuminate the difficulties that would be connected with such
a definition of the notion of existence, without any definite assertion being
made about its possibility or impossibility”. Gödel did not have at this time
an example of an unsolvable problem in number theory, but he wanted to
leave an open door; the other alternative was contrary to his sensibility more
that to his reason, which was still debating without a solution. It is to be
noted that he cancelled all these reflections in the 1930 printed version of the
dissertation.

Gödel’s proof71 is similar to Skolem’s 1922 proof; in a remembrance of the
sixties, Gödel will say that he did not know Skolem 1922 when he proved his
result; Gödel had some recollection of having read Skolem’s proof only later,
at the moment of printing his dissertation, and he wondered why he didn’t
quote it; it probably was an oversight or a misprint, since he was certain he

71K. Gödel, “Über die Vollständigkeit des Logikkalküls”, Univ. Wien, 1929, in K. Gödel,
Collected Works, cit., pp. 60-101; K. Gödel, “Die Vollständigkeit der Axiome des logischen
Funktionenkalküls”, Monatshefte für Mathematik und Physik , 37 (1930), pp. 349-60, in K.
Gödel, Collected Works, cit., pp. 102-23. See here the introduction of B.Dreben and J. van
Heijenoort, pp. 44-59. There are no significant differences in the two versions regarding
the proof; in the published paper the denumerable compactness theorem is more clearly
stressed.
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would have made a reference to Skolem 1922, whose proof was more similar to
his own than that of the 1920 paper – dutifully quoted for Skolem’s normal
forms. “The completeness theorem, mathematically, is indeed an almost
trivial consequence of Skolem 1922. However, the fact is that, at that time,
nobody (including Skolem himself) drew this conclusion (neither from Skolem
1922 nor, as I did, from similar considerations of his own)”72.

Gödel’s proof, in effect, differs from Skolem’s only in this, that the for-
mal system is well specified – a first order fragment of PM in Hilbert and
Ackermann’s notation. Given the normal form ∀xM(x, f(x)) of a sentence
F and the conjunctions An = M1 ∧ . . . ∧Mn obtained through systematic
substitutions of terms in the matrix M , instead of using more or less conclu-
sive semantical considerations, Gödel proves that for every n the implication
F → |existsAn is derivable in the formal system. For the other direction,
Gödel gives a new proof of König’s lemma (proved by König in 1926) refer-
ring to it as “a familiar argument”. Löwenheim-Skolem theorem of course
becomes now a corollary of the completeness theorem73. The only general
remark by Gödel is that the equivalence between validity and provability is
a kind of reduction, for the decision problem, of the nondenumerable to the
denumerable; “validity” refers to the more than denumerable totality of func-
tions, while “provable” presupposes only the denumerable totality of formal
proofs.

As for Herbrand’s dissertation74, Hilbert and Bernays will say in 1939
that it is difficult to understand, and the same judgement is valid today, not-
withstanding later corrections; Gödel remembered to have found some errors
in it in the forties; in 1963 B. Dreben, P. Andrews and S. Aanderaa filled
all the gaps75, but still, the very formulation of Herbrand’s goal is hard to

72Letter of December 7, 1967, in H. Wang, From Mathematics to Philosophy , cit.4, p.
8.

73So it is now presented in the textbooks, see e.g. S.C. Kleene, Introduction to
Metamathematics, Van Nostrand, New York, 1952, Corollary 2, p. 394.

74J. Herbrand, “Recherches sur la théorie de la démonstration”, Trav. Soc. Sci. Lett.
Varsovie, Cl. III Sci. Math. Phys. No. 33 (1930), 128 pp.; in J. Herbrand, Ecrits
Logiques, PUF, Paris, 1968, pp. 35-133; chap. 5 in J. van Heijenoort, From Frege to
Gödel , Harvard Univ. Press, Cambridge Mass., 1967, pp. 525-81, see notes of B. Dreben
and introduction of J. van Heijenoort, ivi, pp. 525-29.

75B. Dreben, P. Andrews and S. Aanderaa, “False lemmas in Herbrand”, Bull. AMS ,
69 (1963), pp. 699-706. The relationship between Herbrand’s theorem and Gentzen’s
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grasp. Herbrand talks of true propositions, but he means propositions pro-
vable in his first order logical system QH ; sometimes he calls them identities,
and he says he is looking for “the most general properties that are sufficiebt
for a proposition to be true”. He is looking for a finitistic reduction of the
truth problem, that is, of the derivability problem. His problem is different,
but it is cast in the same terms as Skolem 1928’s; his rules, too, are exac-
tly those presented by Skolem, except for the fact that Herbrand considers
also conjunction, and he states the rules in double form, in order to have
commutativity.

As we shall see, Herbrand also aims at proving Löwenheim’s theorem, in
a finitistically acceptable form; among the consequences of his main result,
he mentions the completeness problem, in the following way: “if to our rules
of reasoning, listed at the beginning of Chapter 2, we were to adjoin other
rules that could not be derived from them, then we would be led to regard
as true some propositions that are in fact false in some infinite domain. We
must acknowledge that such a consequence would be difficult to accept. This
fact [in 1931 “theorem” instead of “fact”] corresponds to what the Germans
call the Vollständigkeit of our system of rules. (If we could prove that these
additional rules lead us to regard as true a proposition P that, without them,
would not be so, then, as we can readily see, the inconsistency of classical
mathematics would follow, because we could construct a denumerable set
over which P would be false.)”. In 193176 Herbrand again writes, in more
detail: “If we assume that the decision problem has been solved and if we do
not wish R + Infin Ax + Mult Ax [simple theory of types with the axiom
of infinity and the multiplicative axiom] to be inconsistent, we must not add
any rule of reasoning to those already considered”. When he got acquainted
with Gödel’s result he added an Appendix, date of April 1931, in which he
wrote: “If the decision problem is solved for a proposition P , if the solution
is formalizable in T + Infin Ax + Mult Ax (as it is for all the particular cases

“verschäfter Haupsatz” is difficult to pinpoint, also for proof-theory specialists: to Gentzen,
Herbrand’s is a particular case of his own, with empty antecedent and only one prenex
formula in the consequent; but Gentzen’s Hauptsatz holds only for prenex formulae, though
it is extendable to intuitionistic logic; both give cut elimination; Herbrand’s theorem is
perhaps more informative on the Mittelsequenz .

76J. Herbrand, “Sur le problème fondamentale de la logique mathématique”, Spraw. z
pos. Towarsz. Nauk. Warszawskiego, W., III, 24 (1931), pp. 12-56, in J. Herbrand, Ecrits
Logiques, cit., pp. 167-207.
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of the decision problem solved up to now) and if P is not an identity, then

(1) No new rule of reasoning that makes P an identity can be added
without entailing a contradiction in R + Infin Ax + Mult Ax;

(2) P cannot be true in R + Infin Ax + Mult Ax”.

In 1931 Herbrand is still using Post version of the completeness problem.
at a variance with Hilbert’s Bologna speech, where this formulation was
used ony for the completeness of arithmetic, not for logic; but, according to
some commentators, his insistence on the formalization of the solution of the
decision problem is a hint that perhaps he is thinking of the strong version
of the problem, later to be called finitistic rendering of the completeness
theorem77.

In his dissertation Herbrand seems to be aiming not so much at new re-
sults, but rather, at setting a clear distinction between the scope of (finitary)
meta-mathematics, and that of (infinitary) mathematics. He explains how
the consequences of his theorem tinclude the following results:

“Theorem 1. If P is an identity, ¬P is not true in any infinite domain;
Theorem 2. If P is not an identity, we can construct an infinite domain

in which ¬P is true.

Similar results have already been stated by Löwenheim (1915), but his proofs,
it seems to us, are totally insufficient for our purposes. First, he gives an
intuitive meaning to the notion ‘true in an infinite domain’, hence his proof of
Theorem 2 does not attain the rigour that we deem desirable . . . Then – and
this is the gravest reproach – because of the intuitive meaning that he gives
to this notion, he seems to regard Theorem 1 as obvious. This is absolutely
impermissible; such an attitude would lead us, for example, to regard the
consistency of arithmetic as obvious. On the contrary, it is precisely the
proof of this theorem . . . that presented us with the greatest difficulties. One
could say that Löwenheim’s proof was sufficient in mathematics; but, in the
present work, we had to make it ‘meta-mathematical’ so that it would be
of some use to us”. Similar reproaches are addressed to Ackermann for his
recent use of the satisfiability notion. In the existing mathematical proofs of
the above theorems, one was only allowed to obtain a system of values in an
infinite domain via a principle of choice [König’s lemma]; to avoid this use,

77So thinks Dreben, in van Heijenoort, cit., who refers to D. Hilbert, P. Bernays,
Grundlagen der Mathematik , vol. II, Springer, Berlin, 1939, pp. 243-63; see later.
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one has to finitistically define the construction of an infinite domain; this is
why Herbrand introduces his term-models, and deals with them in the most
careful way.

“We shall say that we have an infinite domain if we have a definite proce-
dure for correlating with every number p: first a domain C ′ that contains C1

[given at the beginning and finite]; then, for the functions, a system of values
in C ′ that permits us to obtain in C ′ the value of any function of height not
greater than p whenever the arguments are taken in C1; and, finally, a sy-
stem of logical values that are assigned to the atomic propositional functions
. . . ” (in Herbrand’s procedure, some troubles are due to the elimination of
quantifiers in itinere, from which some errors in the indexing crop up). “We
shall say that P is true in the infinite domain if for every number p we have
a procedure enabling us to verify that each of the propositions obtained over
Dp [system of values at stage p] has ‘true’ as its logical value (derived from
the logical values that its atomic propositions take in the domain) . . . It is
absolutely necessary to adopt such definitions if we want to give a precise
sense to the words ‘true in an infinite domain’, words that have frequently
been used without sufficient explanation, and also if we want to justify a pro-
position proved by Löwenheim, a proposition to which many refer without
clearly seeing that Löwenheim’s proof is totally inadequate for our purposes
and that, indeed, the proposition has no precise sense until such a definition
has been given”. As a matter of fact, rather than proofs being defective,
the problem here is that the definitions are unsatisfactory; accordingly, Her-
brand is not really concerned to strengthen Löwenheim theorem, but to find
a suitable re-wording for it.

Differently from all his predecessors (Löwenheim, Skolem and Gödel) and
notwithstanding the similarity of the procedure for obtaining the sequence
of the sentences Pn, what Herbrand actually proves is the following: when
for all n Pn is propositionally satisfiable, then (it is not the case that the
original F is satisfiable in a denumerable domain, but) the negation of F
is not provable finitistically. Alternatively, if there is an n for which Pn is
not propositionally satisfiable, Herbrand shows that the negation of F has a
proof, in a cut free formal system with the subformula property78.

78Herbrand defines “P has property B of order p” if the proposition obtained by substi-
tution of terms of Dp is an identity, that is derivable in QH . Then he proves that if P is
false in some infinite domain then it cannot have property B for any p, and conversely if
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Gödel has explained that Skolem’s confusion in 1928 was due to the fact
that “non-finitary reasoning in mathematics was widely considered to be
meaninglful only to the extent to which it can be “interpreted’ or ‘justified’
in terms of finitary meta-mathematics”79. While the key word here is in
fact “non-finitary”, this remark is better suited for Herbrand. The same
applies to Gödel’s remarks contained in a letter of 1970, to the effect that
“in consequence of the philosophical prejudices of our time: 1. nobody was
looking for a relative consistency proof because it was considered axiomatic
that a consistency proof must be finitary in order to make sense, 2. a concept
of mathematical truth as opposed to demonstrability was viewed with general
suspicion and widely rejected as meaningless”80. It can be worth to recall an
episode reported by A. Mostowski, that when Tarski saw notice of Gödel’s
theorem in the Monatshefte, he was sceptical about it, because Gödel didn’t
define validity81; however, as regards the completeness theorem this definition
was not necessary, the arithmetic interpretation being sufficient.

An improvement of the completeness theorem was obtained by Hilbert
and Bernays in 193982, through the formalization of Gödel’s proof; they
proved thus that every syntactically consistent sentence F has an arithmetic
model, in the sense that the sentence becomes true if its predicative symbols
are interpreted on arithmetical relations; stated otherwise, a sentence Fω

obtained by replacing the predicative symbols of F with arithmetic formulae,
also becomes true; these arithmetic formulae can be taken of complexity
∆2. Hilbert and Bernays notice that if F is not refutable then not only
Fω is satisfiable in the natural numbers, but it is derivable in an arithmetic
system in which to the usual axioms one adds the formalized statement of

for every p a proposition P does not have property B of order p then we can construct an
infinite domain in which P is false. The fundamental theorem states that if for some p P
has property B of order p then P is true, and given p one can construct a proof of P ; and
if P is true and we have a proof of P then we can find a p for which P has property B of
order p.

79K. Gödel, letter to H. Wang of December 7, 1967, in H. Wang, From Mathematics to
Philosophy , cit., p. 8.

80H. Wang, Reflections on Kurt Gödel , The MIT Press, Boston, 1985, p. 85.
81So G. Kreisel, in “Gödel’s excursions into intuitionistic logic”, in P. Weingartner and L.

Schmetered (eds.), Gödel remembered , Bibliopolis, Napoli, 1987, Appendix I, pp. 131-31.
82D. Hilbert, P. Bernays, Grundlagen der Mathematik , vol. II, cit., pp. 263-63. See also

S. C. Kleene, Introduction to Metamathematics, cit., Theorem 35, p. 394.
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the non-refutability of F , or Con(F )83. Therefore, addition to arithmetic of
the arithmetical interpretation Fω of a logically unprovable F would render
arithmetic ω-inconsistent84. This property is to Hilbert and Bernays einer
Art von deduktiver Abgeschossenheit , even more so for arithmetic then for
logic; in some sense, this is the best possible result, in the light of Gödel’s
incompleteness theorem.

The history of the completeness theorem has, to say the least, one more
episode, with Leon Henkin’s proof of 1949-195085. This proof is free from
the constraint of the natural numbers, and uses more general techniques by
exploiting the equivalence of models and maximally consistent rich exten-
sions. Other methods will be introduced around 195586 by Beth, Hintikka,
Schütte, through a simplification of Henkin’s proof, obtained by looking for
minimal closure conditions which are strictly necessary for the construction
of the model. Among the by-products of these proofs, one should mention
the tableaux method and the method of partial valuations in Hintikka se-
ts. Further, Henkin’s proof deserves credit also for remaining valid also for
the theory of types: indeed, this proof is a major step in the clarification of
several issues concerning the status of higher order logics87.

83This is “Bernays’s lemma”, according to Wang’s generalization in H. Wang,
“Arithmetic models for formal systems”, Methodos, 3 (1951), pp. 217-32.

84D. Hilbert, P. Bernays, Grundlagen der Mathematik , vol. II, Springer, Berlin, 1939,
pp. 252-3, and S.C. Kleene, Introduction to Metamathematics, Van Nostrand, New York,
1952, Theorem 36, p. 395.

85L. Henkin, “The completeness of the first-order functional calculus”, Journal Symbolic
Logic, 14 (1949), pp.159-66, “Completeness in the theory of types”, Journal Symbolic
Logic, 15 (1950), pp. 81-91.

86E.W. Beth, “Semantic Entailment and Formal Derivability”, Mededelingen van der
Koninlijke Nederlandse Akademie van Weteschappen, 18 (1955), pp. 309-42, in J. Hintikka
(ed.), The Philosophy of Mathematics, Oxford Univ. Press, Oxford, 1969, pp. 9-41; J.
Hintikka, “Distributive Normal Forms in the Calculus of Predicates”, Acta Philosophica
Phennica, Fasc. VI, Helsinki, 1953.

87The author wants to thank the (not too) anonymous referees who took on the painful
job of trying to improve his English.
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